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Abstract 

This work deals with function theory on quantum complex hyperbolic spaces. The prin- 
cipal notions are expounded. We obtain explicit formulas for invariant integrals on 'finite' 
functions on a quantum hyperbolic space and on the associated quantum isotropic cone. Also 
we establish principal series of J7 g su„ !m -modules related to this cone. 

1 Introduction 

Let us consider the group SU n ^ m of pseudo- unitary (n+m) x (n+m)-matrices that preserve 
the following form in C n+m : 

\ x i y] = ~ x iVi — ■ ■ ■ — x n y n + x n+ \y n+ i + . . . + x n+m y n+m . 

Then one can also consider the manifold "K n ^ m = {x G C n+m |[x, x] > 0} and its 
projectivization r K n ,m- The latter manifold is isomorphic to the homogeneous space 
SU n ^ m / S{U n ^ m _i x Ui), a complex hyperbolic space. There is a vast literature devoted to 
the study of these pseudo-Hermitian spaces of rank 1, in particular harmonic analysis on 
those (see J.Faraut [3J, V.Molchanov [7J [8], G.van Dijk and Yu.Sharshov [2]). 

In this paper we establish basic notions in the theory of quantum pseudo-Hermitian 
spaces. These objects initially appear in the work of Reshetikhin, Faddeev and Takhtadjan 
[H] . Later on the development of the theory of quantum bounded symmetric domains and 
quantum analogs of representation theory of noncompact real Lie groups made it clear 
that the above objects really worth studying. For example, the Penrose transform of the 
quantum matrix ball of rank 2 leads to a quantum analog of the complex hyperbolic space 
in C 4 , see [12]. 

We introduce a background of the function theory on quantum analogs of complex 
hyperbolic spaces 0-C n , m and of the related isotropic cones E n ^ m = {x G C n+m |[x,a;] = 0}. 
We establish some special 'spaces of functions with compact support' (called finite func- 
tions, for short) and endow these noncommutative algebras with faithful representations. 
Then we introduce integrals on the spaces of finite functions and prove their invariance 
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under the action of quantum universal enveloping algebra U q su n ^ m . Finally, we introduce a 
quantum analog of the principal (unitary) series of ^7 g su nim -modules related to a quantum 
analog of the cone S. 

These study were inspired and outlined by Leonid Vaksman some years ago. The 
authors are greatly indebted for him and D. Shklyarov for many helpful ideas towards 
this research. 

This project started out as joint work with Vaksman and Shklyarov. We are grate- 
ful to both of them for helpful discussions and drafts with preliminary definitions and 
computations. 



2 Preliminaries 

Let q G (0,1). The Hopf algebra U q sl]y is given by its generators K i: K~ x , E iy Fj, 
i — 1, 2, . . . , N — 1, and the relations: 

KiKj = KjKi, K t K7 l = K^K { = 1, 

KiEj = if I '. j K, , KiFj = q FjKi , 

K - K' 1 

i 3 3 1 u i3 



_i i 

q-q 1 

E?Ej - (q + q-^EiEjEi + EjEf = 0, \i — j\ = 1, 
pf Fj _ ( 5 + q-^FiFjFi + F 3 Fl = 0, \i - j\ = 1, 
[Ei, Ej] = [Fi, Fj] = 0, 

The comultiplication A, the antipode S, and the counit e are defined on the generators 
by 

A(Ei) = Ei®l+Ki®Ei, A(Fi) = E ® Kr 1 + l ® F u A(K l ) = K i ®K i , 

S{Ei) = -Kr l E h S{F$ = -F^, S(Ki) = Kr\ 
e{Ei) = e{Fi) = 0, e{Ki) = 1, 

see [H Chapter 4]. 

We need also the Hopf algebra C[SLjv]g of matrix elements of finite dimensional weight 
U q s In- modules. Recall that C[SXjv]<j can be defined by the generators Uj, i,j = 1, ...,N, 
(the matrix elements of the vector representation in a weight basis) and the relations 

Uj'Uj" = qtiftif, f < j', 

t%'jti"j qti"jti'jj i <C i , 

tijti'j' = ti>j>tij, i < i & j > j', 

UjUf = ti'jrfij + (q- q~ l )tij<t V j, i <i' & j < f, 

together with one more relation 

detg t = 1, 

where det g t is a g-determinant of the matrix t = (iy)j,j=i,...,jv : 



det g t = 2j ( — q) l ^tls(l)hs(2) ■ ■ ■ ^Ns(N) 1 
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with l(s) = caxd{(i,j)\i < j & s(i) > s(j)}. 

Let also U g su ntm , m + n = N, stand for the Hopf *-algebra (U q slN, *) given by 



(A ' A ' ' L > < -K jFj , j=n } *> \-E s Kr\ j = n, 



with j =1,...,JV- 1 PQ3j. 



3 *-Algebra Pol { t K n , m ) i 



def 



Let m,n6N,m>2, and N = n + m. Recall that the classical complex hyperbolic space 
< K n ,m can be obtained by projectivization of the domain 



(ti, . . . , t N ) G 



N 



En 2 + E n 2>0 

j=l j=n+l 



Now we pass from the classical case q — 1 to the quantum case < q < 1. Let us 
consider the well known [9j g-analog of the pseudo-Hermitian spaces. Let Pol \^K n ,rrij 

stand for the unital *-algebra with the generators tx, ti, ■ ■ ■ , tiv and the commutation 
relations as follows: 

Ut* = qtpi, i ^ j 



N 



% > n 



Ut* = t*U + (q- 2 -1) £ t k t* k , 

k=i+l 

n N 

2 - 1) E ^ - (<r 2 -i) E **** 



(3.1) 



t-t* = t*U + (gr- 
it is important to note that 



i < n. 



k=i+l 



k=n+l 



N 



c =-E^ + E w 



j=l j=n+l 

is central in Pol ^^K n;m j . Moreover, c is not a zero divisor in Pol ^K n ,m j • This allows 

one to embed the *-algebra Pol (^K n ,m j into its localization Pol ^^K n ,m ] with respect 

to the multiplicative system c N . 

The *-algebra Pol [Ji n ,m) admits the following bigrading: 

\ / q,c 

degtj = (1, 0), degt* = (0, 1), j = 1,2 ... ,N. 
Introduce the notation 



Poi(^ n , m ) 9 = | / e Pol (& n ,, 



deg/ = (0,0) 



This *-algebra Pol(CK n m ) g will be called the algebra of regular functions on the quantum 
hyperbolic space. 

We are going to endow the *-algebra Pol(IK n>m ) g with a structure of U q su ntm - module 
algebra [I]. For this purpose, we embed it into the f/ g 5u njm -module *-algebra Pol ^X^ 
of 'regular functions on the quantum principal homogeneous space' constructed in [TT] . 

Recall that Pol (X ) = f (C[SL,N] q , *), with C[SLjsr] q being the well-known algebra of 
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q 

regular functions on the quantum group SL^, and the involution * being defined by 

% = sign[(z - m- 1/2) (n- j + 1/2)] (-</)''-* det, % 

Here det g stands for the quantum determinant [lj , and the matrix is derived from the 
matrix T = (t^i) by discarding its z's row and j's column. 
It follows from det g T = 1 that 

n N 
j=l j=n+l 

Thus the map J : tj H- ty, j = 1, 2, . . . , N, admits a unique extension to a homomorphism 
of *-algebras J : Pol ^34~ n ,m) — > Pol (x j . Its image will be denoted by Pol (jt n ,mj ■ 

It is easy to verify that the *-algebra Pol(CK n m ) g is embedded this way into Pol (^K n ,rnj 

and its image is just the subalgebra in Pol {^i n ^ generated by tijt* lk , j,k = 1,2, ... ,N. 
In what follows we will identify Pol(CK ni?Ti ) g with its image under the map J 



Remark 3.1 1. Yo\{'K n ^ m ) q can be characterized in two ways. Firstly, 

Pol(IK n , m ) g = | / G Pol (x^ A L (f) = 1 ® /} . 

Here A L is the coaction A L : Pol (x^j — > C[s(ui x U7v_i)] g <g) Pol ^xj , A L : i-)- 
XI ^(^ifc) ® ^fci> an d TT : Pol (X) — > C[s(ui x Ujv_i)] 5 is the factorization map with 

k=l \ / q 

respect to the two-sided ideal in Pol ^xj generated by t\k, tki, k = 2, 3, . . . , X, cf. 
11.6.2, 11.6.4]. 

2. Another characterization is in observing that Yo\{'K n ^ rn ) q is the subalgebra of 

U q s(ui x u.Ar_i)-invariants under the left action in Pol ^X^ . The latter action is a 

dual to the coaction as in [51 1.3.5, Proposition 15]. To prove the equivalence one 
should observe the U q s{\ii x UAr_i)-invariance of tijt* lk and compare the dimensions 

of graded components of the algebras Pol (jt n ,mj and <C[GLN 1 \ q IqSiyUiy ' UN ~ 1 \ 



We use the notation tj instead of £y for the generators of the *-algebra Pol ( CK n r 
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Let I v , <p G M/27tZ, be the ^-automorphism of the *-algebra Pol (ji n>m ) defined on 
the generators {i,}j=i,...,7v by 

I v : tj ^ e iip tj. (3.2) 
Then one more description of Pol(5i n%m ) q is as follows: 

Pol(Jf n , m ) 9 = j/G Pol (:K n , m ^ I v tf) = f for all y?}. 
At the end of this section we are going to produce explicit formulas for the action of 

U q SUn, m On Pol \ 3< nt rn\ . 

The action of f/ g su n m on Pol (ji r ^ m \ is described as follows: 



Ejti 



Ft- 



q~ 1/2 U-i, j + l = i, 
otherwise, 

q 1/2 U+i, 3 = h 

0, otherwise, (3.3) 

,±1-/ 



9 *i, J = i, 
KfHi = { <f?Hi, j + 1 — i, 



tj, otherwise, 



-9 3/2 **+i, j = i&i^n, 
Ejt\ = { q- 3/2 t* +1 , j=tkt = n, 
0, otherwise, 

-g 3/2 t*_i, j + l = i& i^n + l, 
= 4 9 3/2 *ti> j + 1 = i & i = n + 1, (3.4) 
0, otherwise, 

g Tl t*, j=i, 
tj, otherwise. 



4 A *- Algebra D(^K n ,m)q of finite functions 

Let us produce a faithful ^-representation T of Pol(!K„ )m )g in a pre-Hilbert space "K (the 
method of constructing T is well known; see, for example, [TTj). 

The space !K is a linear span of its orthonormal basis {e(zi, i 2 , . . . , zjv-i)| h, ■ ■ ■ , i n G 
-Z+; i'b+i, . . . ,zjv-i € N}. 
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The ^representation T is a restriction to Pol(IK n)m ) ? of the ^representation of 
Pol (5i nim j defined by 



3-1 

E ik 



T{t j )e{i 1 ,...,i N _ 1 ) = q&'* ■ (q 2 ^ 1] - if' 2 e(i u . . . , ij - 1, . . . , i N -i), 

3-1 

T(t*)e(i 1: . . . , ijv-i) = q"= 1% " ■ {q 2i] - l) 1 ' 2 e(i u . . . ,ij + 1, . . . , i N -i), 
for j < n, 



3-1 



T{tj)e{h, ijv-i) = q^ ■ (1 - q 2 ^-V) 1/2 e(h, . . . , ij - 1, . . . , i N -i), 



3-1 

E i-k 



T(^)e(ii, . . . , ijv-i) = g*^ 1 "" • (l - g Mj ) 1/2 e(h, . . . , ij + 1, . . . , i^-i), 
for n < j < N, and, finally, 



AT-l 

E »jt 



T{t N )e(i u . . . , ijv-i) = g^ 1 e(ii, . . . , ijv-i), 



AT-l 

E »/t 



T(t* N )e(i 1: . . . , ijv-i) = g^ 1 e(ii, . . . , ijv-i)- 
Define the elements {:Ej}j=i,...,jv as follows: 



def 



N 

E J > n, 

k=j 

n N 
fc=j fc=n+l 



Obviously, xi = 1, XiXj = XjX ly 



tjXfc 



hence 



tjX k 



q 2 x k tj, j < k, 
x ktj, j > k, 



q 2 x k t* p j < k, 
x k t*, j > k. 



(4.1) 



(4.2) 



(4.3) 



(4.4) 



(4.5) 



(4.6) 



1,2, 



The vectors e{i\, . . . , ijv-i) are joint eigenvectors of the operators T(xj), j 
,N: 

T( Xl ) = /, 



3-1 

2 E 



(4.7) 



T(x j )e(i 1 , . . . , 2at_i) = q k ^ e(ii, . . . , ijv-i). 
The joint spectrum of the pairwise commuting operators T(xj), j = 1, 2, . . . , N, is 

971= {(x u ...,x N ) G R*| 

Xj/xj G q 2Z & 1 = Xi < x 2 < . . . < x n+ i > x n+2 > . . . > Xn > 0} . 
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Proposition 4.1 T is a faithful representation of Pol(!K n)m ) 9 . 

Proof. It suffices to verify faithfulness of the (unrestricted) representation T of 
Pol (jt n ^ ■ It is quite obvious that an arbitrary element of Pol (ji n ^ m j can be written 



q \ / q 

as a finite sum 



f _ \ A +i\ J.i n+ *in+l ,*i N f ( \j_jN J-jn+lj_*j n .* 

J — / , L l ■ ■ ■ L n L n+1 ■ ■ ■ L N JU\. X 2, ■ ■ ■ ,^N)I^n ■ ■ ■ L n +1 L n ■ ■ ■ L l 

(i 1 ,...,i N ,j 1 ,...,j N ): i k jk=0 

where fu(x2, • • • , %n) are polynomials, I = . . . , zjv), J = (ji, ■ ■ ■ ,Jn)- It follows from 
the definition of T that every summand 



+11 J.j„J.*«n+l +*l N f I \±JN A3n+X + *J n +*. 

L l ■ ■ ■ h n L n+l • • • L N JU\ x 2i ■ ■ ■ , Xn)^n • • • L n+l L n • • • L l 

takes a basis vector e(ki, . . . , fcjv-i) to a scalar multiple of the basis vector e(k\ + j\ — 
£]_, . . . , k n -\- j n i n} k n+ \ — j n +i + i n +ii ■ ■ ■ , fcjv-i — Jn-i + ^n-i)- Moreover, the sets of 
indices (ki + ji — ii, . . . , /cjv-i — 3n-i + ijv-i) of the image basis vectors are different for 
different monomials, provided the indices of the initial monomial e(k\, . . . , &jv-i) have 
modules large enough. Therefore, to prove our claim, it suffices to choose arbitrarily a 
summand of / and to find an initial basis vector e{k%, . . . , fcjv-i) in such a way that the 
chosen summand does not annihilate (under T) the vector e{k%, . . . , fcjv_i). 

Let us consider a basis vector e(k\, . . . , fcjv-i) with |/c s | > j s for all s = 1, . . . , iV — 1. 
Then 

T (4 W . . . CC • • • tl jl ) e(h, . . . , k N ^) = 

const • e(ki +ji,...,k n + j n , k n+1 - j n+1 , . . . , k N -i - j'at-i), 

where const ^ 0. 

Moreover, T(fu(x2, ■ ■ ■ , x^)) acts by multiplying the basis vector by a (value 
of a) polynomial p (q 2kl , . . . , g 2 ^- 1 ) (due to ( 14. 7ft ). where p(«i, U2, ■ ■ ■ , Un-i) = 
fu(ui, u%U2, • • • , • • • v>n-i), and p is certainly a nonzero polynomial. A routine argu- 
ment allows one to find ki, . . . , k N _i such that \k s \ > j s and p (q 2kl , . . . , q 2kN -^ ^ 0. This 
proves the claim we need. □ 

Let P be the orthogonal projection of "K onto the linear span of vectors 
{e(0, . . . , 0, i n+ i, . . . , ijv-i) I i n +i, • • • 1 ijv-i e N}. Of course Pol(JC nim )g does not contain an 

n 

element /o such that T(fo) = P. Our immediate intention is to add fo with this property. 

Consider the *-algebra Fun (^K n ,rnj D Pol (^K n ,m J derived from Pol (^K nt mj by adding 
an element fo to its list of generators and the relations as below to its list of relations: 

t*fo = fotj = 0, j < n, 

x n+lfo = foX n+ i = f , 

cl e* f \ " / 

JO ~ JO ~ JOi 

tjfo = fotj', t*f = fofj, j > n + 1. 
The relation I v f = f allows one to extend the ^-automorphism I v (13. 2\ of the algebra 
Pol (ji n ,rnj to the ^-automorphism of Fun (^K n ,m j • Let 

Fun(J{ nim ) = [fe Fun (X m ) | /„/ = /} . 



Obviously, there exists a unique extension of the ^representation T to a ^-representation 
of the *-algebra Fun(CK n m ) such that T(f ) = P. 

Our subsequent observations involve extensively the two-sided ideal D([K nim )q of 
Fun(^K njm ) generated by fo- We call this ideal the algebra of finite functions on the 
quantum hyperbolic space. 

Theorem 4.2 The representation T o/D(3-C n m ) g is faithful. 

Proof. Obviously, every / e D(3-C nim ) g admits a unique decomposition 

f _ \ jil J.«AT f jjN J.jn + 1-L*j n J-*jl 

J — /-^t 1 ' " n n + 1 ' ' ' N J° N ■ ■ ■ L n+1 L n ■ ■ ■ n ■ 

(il ... , ijv, ji ■ ■ . jjv) : 
il + . . . + i n + jn+l + . . . + jjv = 
= ji + . . . + j n + i n +l + . . . + ijv 

A straightforward application of the commutation relations (14. 8p allows us to refine the 
above decomposition as follows: 

(il . . . , iff, jx . . .j N ) : i k j k = & 
il + . . . + i n + j n+ i + . . . + jfjv = 
= ji + . . . + j n + in+l + ■ • ■ + ijv 

where 

flJ = X N ^)t\Hf . . . t k n "fo(t:) k - . . . (t;) fc2 (tl) fel (4-10) 

K 

for some nonzero polynomials px- 

Let us consider a basis vector e(ai, . . . , a/v-i)- Every summand from (14. 9 p takes 
e(ai, . . . , ajv-i) to a scalar multiple of the vector e(ai + ji — zi, . . . , a n + j n — i n , a n+ i — 
jn+i + in+i, ■ ■ ■ i o-N-i — 3n-i + ijv-i) (nonzero if well defined). By our assumptions on 
entries of I and J, the subset of nonzero multiples as above are linearly independent. 
Thus it suffices to choose arbitrarily a summand in (14. 9p and to prove that it does not 
annihilate some basis vector. 

Let us also choose arbitrarily a summand 

PK (x n+2 , . . . , x N ^)t\n^ . . . t*"/ (t;) fe " . . . (t%p (t\) k ^ 

from flUO}. T{Utl) k -...{tl) k -{t\) k ^)T = 

const • e(0, . . . , 0, a n+ i — j n+ i, . . . , a^-i — Jn-i)- Here const = unless a s + k s + j s = 
for s = 1, . . . , n and a s > j s for s — n + 1, . . . , N — 1. Set a s = —k s — j s for s = 1, . . . , n. 

Now let us consider the action of T(pK(x n+ 2, ■ ■ ■ ,xn-i)) on vectors of the 
form e{-k 1 ,...,-k n ,a n+l - j n+1 , . . . , a N - X - Jn-i) with a s > j s for s = n + 
1,...,N — 1. An argument similar to that used in the final paragraph of the 
proof of Proposition 14.11 allows us to choose o n +i, . . . , Oat-i in such a way that 

T (4 1 . . . COi" 1 • • • tTfu^N ■ ■ ■ C+i*n n • • • ti 1 ) does not annihilate e{a x , a^-i). 
This proves our claim. □ 
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Remark 4.3 i) Due to ( 14. 8p . /o can be treated as a function of x n+ \\ 

i u, x n +i t g 

(Recall that specx n+ i = g~ 2Z +). Thus /o is a g-analog of the characteristic function of 
the submanifold 

{ (h, ■ ■ ■ , ^n) G C^l ii = *2 = • • • = t n = 0} fl Jt n , m - 
ii) Let f(x n+ i) be a polynomial. Then it follows from (14.4jl . (14. 5B that 

n n 

X] tj(x n+1 )t* = f(q 2 x n+l ) *i*< = / (<7 2 ^+i) (z„+i - 1). (4.12) 

i=l i=l 

n 

This computation, together with (14. lip , allows one to consider the element fi = ^2 Ufot* 

i=i 

function of x n+ \ such that 



q 2 - 1, a; n+ i = g 2 , 

0, x n+ i = 1 or x n+ i G q- m ~ 2 . 



Thus a multiple application of ( 14. 12ft leads to the following claim: T>(!K n ^ m ) q contains all 
finite functions of x n+ i (i.e., such functions / that f{q~ n ) = for all but finitely many 
n e N). 

Our intention now is to endow D(Ji ntm ) q with a structure of [/ g su njm -module algebra. 
For that, it suffices to describe the action of the operators {Ej, Fj, Kj}. =1 7V _ 1 on Jo- 
Here it is: 

E n fo — o Ttnfot n+ i, (4-13) 

q z — 1 

3/2 

F n fo = -^TjWK, (4-14) 

K n f = fo, (4.15) 
E j fo = F j f = (K j -l)f = Q, j^n. (4.16) 

Remark 4.4 To see that the above structure of U q su n , m - module algebra on D(CK n m ) g 
is well-defined, it suffices to use an argument contained in [IT] . Here we restrict ourselves 
to explaining the motives which lead to (I4.13P - (I4.16p . An application of (13. 3p . (13.41) and 
( I4.4p allows one to conclude that for any polynomial f(t) 

E n f(x n+1 ) = q -VH j iq ~ 2 ^ +l) - fiXn+l) t* n+1 , (4.17) 

q #n+l — ^n+l 

F n f{x n+1 ) = q 3 / 2 t n J {q ^ X 2 n+l) - f{Xn+l) tl (4.18) 

q x n+l ~ x n+l 

E j f = F j f=(K j -l)f = for j/n, j = 1,2,. . .,N -1. (4.19) 
A subsequent application of ( 14. 17ft - ( I4.19p to the non-polynomial function f ( 14. lip yields 

dm - dm. 
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5 Invariant integral 

The aim of this section is to present an explicit formula for a positive invariant integral 
on the space of finite functions 2)(J£ nm ) g and thereby to establish its existence. 
Let v q : 2)(JK n)Tn )q — > C be a linear functional defined by 



Vq(f) = Tr(T(/) ■ Q) = J fdu qj (5.1) 



where Q : 'K — » CK stands for the linear operator given on the basis elements e(ii, . . . , zV-i) 
by 

2V-1 

Qe(ii, ijv-i) = const • g J - 1 e(ii, . . . , zjv_i), const > 0. (5.2) 
Thus Q = const • T(x 2 • . . . ■ xat); this follows from (|4.7p . 

Theorem 5.1 The functional v q determined by (15. ip «s well defined, positive, and 
UqSUn^m -invariant. 

Proof. It follows from (EH]) . f Oj) . (T4T5]) that any element / of the algebra T>CK n , m ) q 
can be written in a unique way in the form 

/ = ^2 ^1 ■ ■ ■ ^n^n+l 1 ■ ■ ■ t*N N flj( x 2, • • • , x nWn ■ ■ ■ ^n+l^n " ■ • ■ V\ (5-3) 

(il . . . , iff, ji . . . jjv) : ikik = & 
il + . . . + i n + jn+i + ■ ■ ■ + 3N = 
= ji + . . . + j n + in+i + . . . + ijv 

with fu( x 2, • • • , a^v) being a polynomial in X2, ■ ■ ■ , x n , x n+ 2, . . . ,xn and a finite function 
in x n+ i, that is, //j(x 2 , . . . , £tv) has the form 

£ « K x^---x^"/ K (x n+1 )x^ + + 2 2 ---x^, a K £C, (5.4) 

finite sum 

and /k(<? -2 ') 7^ for finitely many Z E Z + . 
Then, by our definition, 

* 9 :f» const • £ / 00 (q 2l \q 2lM , g*+~+»"-i) ■ 

(«..-,<„) 6 (-Z+) n 
(i„ + l,...,%_l) 6N™- 1 

. ^2(Af-l)u+2(V-2)i2+...+2iiv-i (5 g\ 

and for / of the form (15. 4p the series in the right hand side of ( 15. 5ft converges. 
The positivity of the linear functional v q means that 

^(/7)>0 for f^O. 

This follows from the explicit formula (15. 5p and the faithfulness of the ^-representation T 
of the algebra 2)(IK n)m ) g (see Section Hj). 

What remains is to establish the f/ g su rajm -invariance of v q . The desired invariance is 
equivalent to 

v q {E s f) = Q, uMf) = 0. (5.6) 
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for any / G 1>(^K nim ) q and j = 1,2, . . . , N — 1. Observe that v q is a real functional, i.e., 
v q {f*) = v q {f). The latter relation follows from selfadjointness of the operator Q : !K — > "K 
involved in the definition of v q . This allows us to reduce the proof of ( 15. 6 p to proving the 
abridged version of it 

= 0, j = l,2,...,N-l. (5.7) 

We are going to establish (15. 7p for j < n; for other j the proof is similar. 
Moreover, for a function / of the form 

f _ +h + i n+ *in+l ,*i N f ( \ jjjV ±jn + l.*j n ,*jl 

J — L l ■ ■ ■ h n L n+1 ■ ■ ■ L N J U\ x 2, ■ ■ • > -^N )t>N • • • L n+1 L n • • • l X 

with ikjk — for k — 1, 2, . . . , N, one has v q (Ejf) = provided I ^ (0, . . . , 0, 1, 0, . . . , 0) 

(j+l)th place 

and J ^ (0, . . . , 0, 1, 0, . . . , 0) (if j < n) or I ^ (0, 0, . . . , 0) and J ^ (0, . . . , 0, 1, 1, 0, . . . , 0) 

jth place jth (j+l)th places 

(if j = n). Thus we have to verify that u q [Ej (tj + if(x 2 , ■ ■ ■ , XN)t*)) = 0. 
It can be demonstrated by a direct computation that for j < n 



E j (t j+1 f(x 2 ,...,x N )t* j ) 



,-1/2 



q 2 f(x 2 , ...,Xj, q 2 x j+1 , q 2 x N )(x j+1 - Xj) 



q Xj + 2 ~ x j+i 



(1 - q 2 )x j+1 



-f(x 2 , x j+x , q 2 x j+2 , q 2 x N )(x j+2 - x j+1 ) 



_2 

q Xj+i — Xj 
(1 - q 2 )x j+1 _ 



. (5.8) 



1. Let j = n. Then 

V 1 { E j (tj+lf(3C 2 ,---,X N )t*)) 



const' • 

(h ...,i n ) e (-z + )» 

(i n+ i,...,j]V_i) e N r ' 



2i 1 +...+2i„_ 1 2u+...+2i„+2 

j q 



Q 



2i 1 + ...+2i N _ 1 +2\ 



q2 ^2ii+...+2i„ _ ^2ii+...+2i n _i^ /^2ii+...+2i n+ i-2 _ g2i 1 +...+2i„ * 



2ii + ...+2i„ 
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f (n 2 * 1 2n+...+2i n 2n+...+2i n+1 +2 2i 1 +...+2i JV _i+2\ 

j \q i ■ ■ ■ i q iV > • • • j q ) 



/^2ii+...+2i„ +1 _ ^2ii+...+2i„\ fg2i 1 +...+2i n -2 _ ^2n+...+2i n _i 



2i 1 +...+2i N _ 1 +2) 

2(N-l)i 1 +...+2i N _ 1 



2ii+...+2i„ 



q 



const' • 

(U...,in) e (-z+) n 

(in+l,..-,<JV-l) e N r ' 



2ii 2ii+...+2i n _i 2ii+...+2j n +2 2u+...+2ijv-i+2> 

■ ■ . ,q ,q ,...,(/ 



g 2 ( g 2i n _ t J ^2i n+1 -2 _ 1) _ 
2i 1 +...+2i„ n 2i 1 + ...+2i n+l +2 ^2ii+...+2i]v_i+2j 



2i 1 +...+2t„_ 1 ^2(iV-l)i 1 +...+2ijv_i 
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Let us consider the inner sum (in i n and i n +i)- For brevity, we denote 

in+l,«n+l " 



f (g2ii g2«i+...+2i n _i g 2ii+...+2i n +2 g2ii+...+2i JV _ 1 +2-j ^ 



2(iV-n)i+2(7V-n-l)j 



t 6 -Z+ 

= £ • (1 - (1 - <? 2J " 2 ) g2(Ar-n) i+ 2(Ar-n-l)i+2 

ie-z+,jeN 

= g -2(AT-n-l) ^ . p _ g 2*-2) ^ _ g 2,-2) g 2(AT-^+2(iV-n-l)i 

i<i,jen 

_ q -2(N-n-l) ^ (1 - q 2 ' 1 - 2 ) (1 - q 2 >- 2 ) g 2(7V-n) 4+ 2(JV-n)i = Q 

iG-Z+ ,j>2 

Thus the proof in this case is complete. 
2. Let j < n. 



2(N-n)i+2(N-n-l)j 



£ [tto-U ■ g 2 (1 - 9*) (1 - q 23 - 2 ) - ifcj+i ■ (1 " ? 21 - 2 ) (1 " ^)] Q 

= g -2(AT-n-l) ViJ (1 " ^ 2 ) (1 - <7 2J ~ 2 ) g 2 ^-")^ 2 ^-"-^ 

i<l,j'6-Z+ 

_ g -2(tf-n-l) ^ ^ _ g 2*-2) ^ _ g 2i-2) q 2(N-n) t+ 2(N-n) 3 = q 

ie-z+j<i 

The Theorem is proved. □ 

Remark 5.2 It is reasonable to choose const in (15.21) so that the following normal- 
ization property is valid: 

^(/o) = l- 

This allows us to find the constant explicitly: 

N-l 

Const = q -W-n-2)(N-n-l) "Q ^ _ g 2(iV-^ 

j'=n+l 



6 Quantum homogeneous space 3 n , m 

Let Pol , m j stand for the quotient algebra of Pol(IK ni7n ) 9 by the ideal Pol(!K n)TO ) g ■ c 

(recall that c belongs to the center of Yo\{ < K n m ) q ). This is a g-analog of the polynomial 
algebra on the isotropic cone. Define an automorphism 1^, ip e IR/27rZ, of the algebra 

Pol (E n}rn J by 

I^tj) = e% J v (t*) = e-^t*. 
12 



Then it follows from the definition that 



Pol(H niTO ) 9 = | / e Pol (H n ,m) I^f) = f for any <p\ . 
We are going to produce a ^representation T of the *-algebra Pol ( E nm ) in a pre 



Hilbert space "Kq in such a way that the restriction of To to the subalgebra Pol(H n)m ) g is 
a faithful ^-representation of Pol(S n)m ) g . 

Let {e(ii, i 2 , ■ ■ ■ ,ijv-i)| «i G Z; z 2 , . . . , z n £ _ Z + ; Wi; • • • >*jv-i ^} be the orthonor- 
mal basis of the space "Kq. Then T is defined as follows. 



T (*i)e(ii, • • • , ijv-i) = q 11 e{i x - 1, ... , zjv-i) 
ToitDei^H, zat-i) = g n e(ii + 1, . . . , i N -i), 



(6.1) 



i-l 

E ** 



T (t,)e(2i, . . . jijv-i) = q^ 1 * (q 2(h 1} - l) 1/2 e(zi, . . . ,ij - 1, . . . ,zjv-i), 



i-l 

E ** 



T (t*)e(ii, . . . ,ijv_i) = q^ 1 " {q 2l] - l) 1/2 e(h, + .,in-i), 

for 1 < j < n, 



3-1 

E ** 



T (t,)e(2i, . . . ,ijv_i) = g^ 1 * (l - q 2{t] 1) ) 1/2 e(«i, . . . ,ij - 1, . . . ,zjv-i), 



3-1 

E *fc 



T (t*)e(ii, . . . , z^-i) = g *=i"" (l - q 2 ^) 1 ' 2 e(h, . . . , ij + 1, . . . , ijv-i) 



for n < j < N, 



JV-l 

E *fe 

T (tAr)e(zi, . . . ,ijv-i) = q k=1 e(h, 

N-l 

E *fc 



. ijv-ijj 



To(tjv)e(ii, • • • , iiv-i) = q k=1 e(i 1} . . . , ijv-i), 
Let us introduce the notation 



(6.2) 



(6.3) 



(6.4) 



A' 



n. 



fe=j 



iV 



fc=j fe=n+l 



Evidently, £i = 0, and the elements £2, ■ ■ ■ , £jv satisfy ( 14. 5 p - (14. 6 p with being replaced 
by The joint spectrum of the pairwise commuting operators {To(Cj)}j=TN * s the set 



37lo= {(&,...,£*) 

G g 2Z , j > 1 & = £l < ^ < . . . < £ n+1 > £n+2 > . . . > 6v > 0} 
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Similarly to the case of Pol(CK nj?n ) g , any element from Pol(S nim ) g can be written in the 
form 

f _ \ ^ jil J.i n j.**n+1 f*«JV fit C \+3N ijn + l,*j n 

J — 2^ 1 ■■■ l n l n+l JlJK&i ■ ■ ■ > ?ATj% • • • r n+l r n • • • r l J 

7"J = 
finite sum 
il + . . . + i„ + j n+1 + . . . + j N = 
= in+l + ■ ■ ■ + IN + jl + ■ ■ ■ + jn 

where fjj are polynomials in £ 2) • • • 3 6v, and such decomposition is unique. 

The *-algebra Pol (^E n ,m j is a £/qSu nim -module algebra. Namely, the action of U q su n ^ m 

on the generators t,, t* of Pol ( H n m J is defined by (I3.3P - (13. 4p . This definition is correct 



due to the fact that the element c of the covariant algebra Yo\{ < K n ^ m ) q is ?7 q su nim -invariant. 
Thus the *-algebra Pol(S n)m ) q is a U q s\\ n , m - module algebra too. The same computations 
as in the case of Pol^^m)^ show that for any polynomial f(t) 



n+V 



/(rtn+lWgn+l) 

f(q- 2 Ui)-f(in + i)„ (6.5) 



-C'n/Un+lJ = <? t n — — - t n+1 , 



q £,n+l — £n+l 



(K n - l)f(U+i) = Ejf {Ui) = FjfiUi) = (K 3 - l)f(Ui) = 0, n. 

Now (14. 5p . (I4.6p . and (I6.5P allow one to introduce the covariant *-algebra D(H nm ) 
of finite functions on the quantum homogeneous space S n m . It is formed by ele- 
ments of the form ( 15. 31) with instead of Xk, where fu(^2, ■ ■ ■ , £jv) are polynomials 
of ^2, • • • , £n, in+2, ■ ■ ■ , £,n and finite functions of £ n+ i (i.e., fu has the form (15. 4p where 
/k(<? 2Z ) 7^ for finitely many I 6 Z). 

Theorem 6.1 T can fee extended to a faithful * -representation of the *-algebra 2)(S nim ). 

Remark 6.2 The algebra Pol^^m)^ has the same list of generators as Pol(H) g while 
the lists of relations differ by replacing c — 1 = with c = 0. Furthermore, the differences 
between the formulas ( 14.ip - ( 14. 3p and ( 16.ip - ( 16.4p are low enough to enable us to apply 
the same argument in proving Theorems 16.11 and 14.21 

Our intention now is to produce an invariant integral on D(S n m ). Denote by the 
linear functional : D(S„ jm ) — > C given by 



v»(f)=Tr(T (f)-Q 



( . \ 



(6.6) 



with Qo : CKo — >■ 3"Co being the linear map given by 

JV-1 

2 E {N-j)i 3 

Q e(ii, ... ,in-i) = const • q ^ e(i u . . . , i N -i)- (6.7) 
Theorem 6.3 The functional is well-defined, positive, and U q su n ^-invariant. 
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Proof. It follows from the definition that 

■?(/) = const • /oo(g 2^ ^g 2^1+2^ ^...,g 2^1+ ■■■ +2 ^-0? 2^l( ^ 1)+ ■■■ +2^JV - 1 • (6-8) 



ii e z 

{i2-.., in) e 

(in+i,...,^-!) eN m -» 

Here /oo is the function involved in the decomposition ( 15. 3ft of /. 

To prove that the definition ( 16. 6 p of is correct, it now suffices to show that the series 
in the r.h.s. of (16. 8p is absolutely convergent for / 00 satisfying the condition 

/OO (6, ■ ■ ■ , £n, Q 2 \ 6+2, • • • , 6v) = for I ^ / . 

Let /oo be such a function. Then 

5^ /OO (9 2 * 1 q 2h+2i2 ^2u+...+2i n ^2ji+...+2i JV _ 1 j ^2i 1 (Af-l)+...+2i JV _ 1 __ 

ii ez 
(*2...,*») e 

(»„+!,..., ijv-i) eN" 1 - 1 

\ ^ t ( 2l —2i2-...—2i n 2l -2i 3 -...-2i n 2l —2i n 2l 2/ +2i n+ i \ 

— 2^ J 00 [I iQ ) • • • j Q ) 9 j 9 j • • -J - 

(i 2 ...,in) e 

(i n+1 ,...,i JV _ 1 ) en™- 1 

_ q2l (N-l) . ^2ii(AT-l)+...+2ijv_i . ^-2i 2 -4i 3 -...-2(n-l)i„ . ^2i n+1 {m-l)+i n+2 {rn-2)+...+2i N _ 1 

It is implicit here that only terms with + . . .+i n = Iq can be non-zero; also, the following 
obvious equality is used: 

2(JV-l)zi+...+2%-i = g2ii _ ^2ii+2i 2 . . ^2ii+...+2i N _i 

Now to establish the convergence of the series ( 16. 9p . it suffices to recall that / o is a 
polynomial in £ 2 , . . . , f B , £ n+2 , . . . , 6v- 

The positive definiteness of v® can be explained in the same way as it was done in 
section |5] for u q . 

Let us turn to proving the invariance of v®. To do this, one needs to reproduce the 
proof of a similar fact for v q almost literally, including the computations of cases 1 and 2. 
But now there is one more case to be considered: 

3. Let j — 1, then (see flEgp ) 



E 1 (t 2 f(C 2 ,...,^ N )t* 1 ] 



q - 1/2 



6(6 -g%) tft 2c 2c ,<T 2 6(6-6) 



f( q %, . . . , q w;;° - m 2 , q %, . . . , q % 



[/(<? 2 6, • • • , <? 2 6v)(6 - g 2 6) - <T 2 /(6, <? 2 6, • • • , <? 2 6v)(6 - 6) 
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Now let us show that i/°(£ , i(t 2 /(^2, • • • ,6v)^i)) = 0- I* 1 f act , 

= COnst' • [f((f n+ \ q 2n+2l2+2 , g 2n+...+2i w _ a+ 2 )(g2i2 -2 _ 1)g 2u+2 

h € Z 

(*2...,*n) G 

(i n+ i>---:ijv-i) e N" 1 - 1 

-f(l 2il q 2il+2il+2 ? 2ii+...+2ijv_ 1 +2^-2^2i 2 _ l)g 2 *ij g 2ii(AT-l)+...+2i JV _i ^ 

As usual, we denote f{q 2ll+2 , g 2i i+ 2j 2+ 2 ; . . _ ; g2ji+...+2 lJV -i+2^ ^ ^ L e t us compute 
the inner sum over ii and i 2 in the r.h.s. of ( I6.10p . 

£ [? 2 ^ + i,i(? 2i " 2 - 1) - ? V,,,,^ - 1)] • g 2 *V^' 2) = 

= aaq 23 ' 2 - 1 )-^ 2 ^' 41 ' 2 ^ 2 - Yl am 2 ^ 2 - 1 )-^^^' 2 ^ 2 = °- ° 



Remark 6.4 Here const is chosen in (16. 7p so that the following normalization prop- 
erty is valid: 

This allows us to find the constant explicitly: 

n-l N-n-1 

const = J] (l_ g 2 ^) JJ (l-g 2 ^). 

i=i i=i 



7 Principal non-unitary and unitary series of representations of 
UqSUn^m related to the space S n m 

The element £ ra+ i quasi-commutes with all the generators of the algebra Pol(S nj?Ti ) g . Thus 
(£n+i) Z+ is an Ore set and one can consider a localization Pol(S n m )q^ n+1 of the algebra 
Pol(S n m ) g with respect to the multiplicative system (£ n+1 ) z +. Evidently, the U q su n ^ m - 
module algebra structure extends to the localization in a unique way. 

Denote by 7 the automorphism of the algebra Pol {^ n ,m j given on the generators by 

7 : tj ^ qtj, t* \-> qt*. 

Note that 7 is well defined due to the homogeneity of the defining relations for Pol ^S n m j . 

Obviously, 7(£ n +i) = g 2 £ n+ i, and this allows one to extend 7 to an automorphism of the 
algebra Pol(S„ i?n ) g ^ n+1 , which commutes with the action of U q su n ^ m . This can be deduced 
from (O, (EH]) , and fl63|) . 
Set 

£(H n , m ) 9 = {/ G Pol(2 n>TO ),,c n+ i|7(/) = /}■ 
Thus £(S„ im ) 9 is a £/" 9 su„ im -submodule in Pol(H njm ) 5 ^ n+1 . 
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Now we introduce representations of principal series related to the quantum cone. Let 
s G Z. The representation 7r s is defined as follows: 

Now we can consider the operator- valued functions tt s (-) as Laurent polynomials in 
the variable u = q s . These polynomials are uniquely determined at integer values of 
s. Thus there exist unique 'analytic continuation' of such polynomials, so we obtain 
t^siVm-modules of principal series related to the quantum cone for arbitrary s G C. In 
the following we will denote by £ s (H n>m ) 9 the space £(H n>m ) 9 endowed with the 7r s -action 

of UqSW n ^ m . 

Our immediate intention is to produce an invariant integral in £_Ar + i(S n)m ) g . 

Note that D(S nm ) 9 can be made a covariant £(S nm ) 9 -bimodule using the relations 

AM}, gD. 

Let xi £ ^ (Sn,m)g stand for the function of such that 

xK? 2 *) = *kj, Mgz. 

Lemma 7.1 For any / G £_jv + i(H rii?n ) g; t/ie integral 

W(f)= I f'XM (7.1) 



does not depend on I. 
Proof. 

&?(/) = 

= const ^ foo(q 2il ,q 2il+2i2 ,- . . , q ^+---+*»-i) Xl ( q ^+---+*»^ = 

(i 2 ...,i„) G 

(i„ +1 ,...,i JV _i) 6N™" 1 

= const ]T / 00 (g 2, - 2ia -"- 2i », g 2, - 2i3 -- a< ", . . . , <f " 2 \ g 2 ', q 2l+2l ^\ . . .)• 

(i 2 ...,in) e 

(i n+ i,...,i JV _ 1 ) ei™^ 1 

_ q2l(N-l) _ ^-2i 2 -4i3-...-2(ri-l)i„+2in+i(m-l)+2in+2(m-2)+...+2ijv_ a /j 2) 

Clearly, / G £_iv + i(H nim )g implies 

7(/oo(6, • • • = <T 2iV+ 7oo(6, • • .,£*), 

or, equivalently, 

f 00 (q%, ■ ■ • , g 2 6v) = g- 27V+2 /oo(6, ■ • • , 60, 
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and thus the r.h.s. of ( 17.2ft can be rewritten as follows 



const 



q 2liN - 1] foo(q- 2i2 -- 2in , q-**--*», . . . , g" 2 \ 1, g 2i »+\ . . .)• 



(i 2 ...,in) 6 



_ 2Z(JV-1) _ ^-2i2-4j 3 --~2(n~l)j n +2i n+ i(m-l)+2i n+ 2(m-2)+...+2i J v_ 1 



const 



E, 2l2— ...-2i„ — 2t8 — 2i„ n~ 2i n 1 o 2i "+l ^ 



(ia...,»n) 6 

(i n+ i,...,j JV _i) er- 1 
• q 



-2i2— 4i3— 2(n— l)i n +2i„+i(m.— l)+2i„+2(m— 2)+...+2ijv-i g ^7 3^ 



Introduce the notation b q (f) or J fdb q for the linear functional ( 17. ip on £_7v+i(S„ im )g. 
It follows from the proof of Lemma 17.11 that 



W) = (<r 2 - 1) 



A? 



2«i ^,211+212 2ii+...,2i m _i- 
) ■ ■ ■ j H 



Cfl...,Jn-x) e 

(ii,...,i m _i) eN™- 1 

. ^2ji+4j 2 +...+2(n-l)j n _i . ^2(m-l)ii+2(m-2)i 2 +-+2i m _a (7 4) 

Theorem 7.2 6 g zs an invariant integral on £_/v+i(H n)m ) g . 

Proof. By ( 16. 51) . the functions of £ n+ i are {/^(iin x u m )-invariants. Thus 6 g is a 
U q s(u n x u m )-invariant functional (see Theorem I6.3p . It remains to prove that b q (F n f) = 
b q (E n f) = for / G £_Ar + i(S nm )g. Let us prove just one of these two equalities, for 
example, b q (E n f) = J E n f ■ xidv q = 0. 

The invariance of and the fact that T>(E n ^ m ) q is a covariant £(S n m ) g -bimodule imply 
that 

b q {E n f) = -q' 1 J f ■ EnXidPq, f E £_iv + i(H nim ) g 

(the integration by parts is used here, see [TJ Chapter 4]). 
By©, 
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-q 1 f ■ E n xidu 



xM 2 £n+i) - Xi{in+i] 
" (g" 2 - l)£ n+1 ° n+l ^ q 



q 



-3/2 



(q~ 2 ~ 1) 

,-3/2 



/> . Xl+l(t,n+l) - Xl(€n+l) + * , n 
J ' l n r l n+l aU q 



n+l 



9 



(g" 2 - 1) 



Tr 



6 



n+l 



-3/2 

(g^-l^Tr 



(g- 2 - 1) 
= const (g, n, N) Tr 



1 I / • C n 7 t n+ l?2?3 • • • SiV 

<U+1 



const (g, n, iV) Tr 
= const'(g, n, N) Tr 



7 J ' I Xl+1 Xl , . , i • 

J I J ■ £n T <^3 • • • 5ATt n+1 

1 



T ( C+l/ • tn7 (Xi+1 - XOC26 • • • CiV 

?n+l 



1 



T o C+i/ ' *n7 (X/+i - Xl)Qo 



'6 



n+l 



If/e£_, 



-N+l\^n,rn)q, ^il^ nao ~"n£ n+1 

in ( 17. 5j) can be rewritten as follows: 

const'(g,n, AT) ( / • £„— !— Xh-i<K - 

V./ Sn+l 



= const'(g, n, iV) / t* n+ J-t n - (xi+i - Xl)dv x . (7.5) 

J <U+1 

one has tn+if '^njzrr e £-iv+i(S n ,m)g- Thus the latter expression 



*n+l/ ' *n7 Xi^l 

Sn+1 



const'(g, n, iV) (Ci/'* 



1 



n+l 



6 



n+l 



It follows from Lemma 17.11 that the latter difference is zero. □ 
If fx E £ s (H nim ) 9 and f 2 E £_ s (H n>m ) 9 , one has /1 • f 2 E £-jv+i(S n ,m)g- Now an 

application of the standard arguments (see, e.g., [TJ Chapter 4]) which set correspondence 

between invariant integrals and invariant pairings, yields 

Corollary 7.3 The pairing E s (E n)m ) q x £_ s (H nim ) g -)• C, 

(/i,/ 2 )^(/i,/ 2 )=y /i/ 2 ^ 

is UqSUn^m-invariant. 

Obviously, the involution * of the *-algebra £(S nim ) q maps £iA(S„ jm )g to 8,-i\(E ntrn ) q 
for A G R. 



Proposition 7.4 The sesquilinear form 



Cfi,/ 2 )= / / 2 7i^, /i,/ 2 e£ a (s 



n,mjqi 



(7.6) 



zs invariant and positive definite. 
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Proof. The invariance follows immediately from Corollary 17.31 (the standard argu- 
ments from [TJ Chapter 4] are to be applied here again). 

To see that the form ( I7.6P is positive definite, one should recall that the integral is 
positive definite (Theorem I6.3p . and use the following computations: 

(/, /) = f f*fdb q = J rfxidvl = Tr (T (/*/*,) Q ) = Tr (T (f*f X iXi) Qo) = 

= Tr (T (f*f X i ■ const • 6 • • • ZnXi)) = Tr (T ( X iffxi) Qo) = Tr (T ( X U*fXi) Qo) = 

= j (fXi)*fXidv° q . 

Here / G £i A (2 n , m )g, A G Z, and the obvious relations = X;* = Xh Xi£k = £kXi are 
used. 

Thus S,ix(^ n ,m)q, A G M, are unitary [/^su^m-modules. They will be called the modules 
of the principal unitary series related to H n)J7l . 
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Q/\ Abstract 

■ This work deals with function theory on quantum complex hyperbolic spaces. The prin- 

cipal notions are expounded. We obtain explicit formulas for invariant integrals on 'finite' 
functions on a quantum hyperbolic space and on the associated quantum isotropic cone. 
i i ' Also we establish principal series of J7 9 su„ !m -modules related to this cone, and obtain the 

necessary conditions for those modules to be equivalent. 

(N ■ 

> : 

£q ■ 1 Introduction 

O : 

Let us consider the group SU n ^ m of pseudo- unitary (n+m) x (n+m)-matrices that preserve 
Q\ ' the following form in C n+m : 

o : 

y—i [ [x, y] = —xiyi — ... — x n y n + x n +i|/ n +i + . . . + x n + m y n + m . 

Then one can also consider the manifold < K n)m = {x G C n+m |[x,x] > 0} and its 
projectivization t M n ^ m - The latter manifold is isomorphic to the homogeneous space 
SU n ,ml ' S(U n ,m-i x Ui), a complex hyperbolic space. There is a vast literature devoted to 
the study of these pseudo-Hermitian spaces of rank 1, in particular harmonic analysis on 
those (see J.Faraut [4], V.Molchanov G.van Dijk and Yu.Sharshov [2]). 

In this paper we establish basic notions in the theory of quantum pseudo-Hermitian 
spaces. These objects initially appear in the work of Reshetikhin, Faddeev and Takhtadjan 
[9] . Later on the development of the theory of quantum bounded symmetric domains and 
quantum analogs of representation theory of noncompact real Lie groups made it clear 
that the above objects really worth studying. For example, the Penrose transform of the 
quantum matrix ball of rank 2 leads to a quantum analog of the complex hyperbolic space 
in C 4 , see H2]. 

We introduce a background of the function theory on quantum analogs of complex 
hyperbolic spaces ! K n ^ m and of the related isotropic cones E n>m = {x G C n+m |[x,x] = 0}. 
We establish some special 'spaces of functions with compact support' (called finite func- 
tions, for short) and endow these noncommutative algebras with faithful representations. 
Then we introduce integrals on the spaces of finite functions and prove their invariance 
under the action of quantum universal enveloping algebra U q su ntm . Finally, we introduce 



1 



a quantum analog of the principal (unitary) series of [/ g su n)m -:modules related to a quan- 
tum analog of the cone S. For these modules we establish the necessary conditions for 
the equivalence. 

This project started out as joint work with L. Vaksman and D. Shklyarov. We are 
grateful to both of them for helpful discussions and drafts with preliminary definitions 
and computations. 



2 Preliminaries 

Let q E (0, 1). The Hopf algebra U q slx is given by its generators Ki, K~ l , Ei, Fi, 
i = 1,2, . . . , N — 1, and the relations: 

KiKj = KjKi, K t Kr l = K^ 1 K i = 1, 

KiEi = q 2 E i K l , = q- 2 FiKi, 

KiEj = q- x EjK h KiFj = qF^, \i - j\ = 1, 

K - K~ x 

E F- - F E = S-— - 1 - 

q q 

EfEj -(q+ q~ 1 )E i E j E t + E,E% = 0, \i - j \ = 1, 
FfF j -(q + q-^FFjF + FjF? = 0, \i - j\ = 1, 
[Ei, Ej] = [Fi, Fj] = 0, 

The comultiplication A, the antipode S, and the counit e are defined on the generators 
by 

A(E i ) = E i ®l+K i ®E i , A(Fi) = F®K~ 1 + l®F i , A(Ki) = Ki®Ki, 

S{Ei) = -K^Et, S(Fi) = -F t Ki, S(K { ) = Kr\ 
e{Ei) = e(Fi) = 0, e(Ki) = 1, 

see [5J, Chapter 4]. 

We need also the Hopf algebra C[SL^] q of matrix elements of finite dimensional weight 
t/gSlAT-modules. Recall that C[SL N ] q can be defined by the generators t^, i,j = 1, ...,N, 
(the matrix elements of the vector representation in a weight basis) and the relations 

Uj'Uj" = Qtif'tij', j' < j", 

ti'jti"j qt i"jt i'j , i <C i , 

UjU'j' — U'j'Uj, i < i' j > j', 

UjU'i' = U'j'tij + (q- q^Uj'ti'j, i<i' & j < j', 

together with one more relation 



detg t = 1, 



where det g t is a g-determinant of the matrix t = (t 



ij )i,j=l,...,N- 



detgt = 2j (— <Z)^*ls(l)*2s(2) ■ ■ ■ ^Ns(N) 1 

ses N 
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with l(s) = caxd{(i,j)\i < j & s(i) > s(j)}. 

Let also U g su ntm , m + n = N, denotes the Hopf *-algebra (U g sl]y, *) given by 



(K > ] = K ' ' 1 -K iFi , 1 = n, 

with j = l,...,N- 1 pp. 




3 *-Algebra Pol (3C„, m ) ( 



def 



Let m, n G N, m > 2, and iV = n + m. Recall that the classical complex hyperbolic space 
CK njm can be obtained by projectivization of the domain 



(ti, . . . , t N ) G 



N 



En 2 + E n 2>0 

j=l j=n+l 



Now we pass from the classical case q — 1 to the quantum case < g < 1. Let us 
consider the well known [9] g-analog of the pseudo-Hermitian spaces. Let Pol \^K n ,m) de- 
notes the unital *-algebra with the generators t±, £2, ■ ■ ■ , tjv and the commutation relations 
as follows: 

t{tj qtjti, x <c j 
Ut* = qtfii, i ^ j 



N 



ut* = t*u + (<r 2 
ut; = t*u + ( q - 2 

It is important to note that 



i > n 



i) E ****> 

k=i+l 

n N 

i) E tkt * - ^ - x ) E tkt * 



(3.1) 



i < n. 



k=i+l 



k=n+l 



N 



c =-E^+ E 



j=l j=n+l 

is central in Pol (^K n ,rnJ ■ Moreover, c is not a zero divisor in Pol ^K n ,m j • This allows 

one to embed the *-algebra Pol (^K n ,m j into its localization Pol ^^K n ,m ] with respect 

to the multiplicative system c N . 

The *-algebra Pol [Ji n ,m) admits the following bigrading: 

\ / q,c 

degtj = (1, 0), degt* = (0, 1), j = 1,2 ... ,N. 
Introduce the notation 



Pol(M n , m ) 9 = | / G Pol 



deg/ = (0,0) 



This *-algebra Pol(CK n m ) g will be called the algebra of regular functions on the quantum 
hyperbolic space. 

We are going to endow the *-algebra Pol(IK n>m ) g with a structure of U q su ntm - module 
algebra [I]. For this purpose, we embed it into the f/ g 5u njm -module *-algebra Pol ^X^ 
of 'regular functions on the quantum principal homogeneous space' constructed in [TT] . 

Recall that Pol (X ) = f (C[SL,N] q , *), with C[SLjsr] q being the well-known algebra of 
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q 

regular functions on the quantum group SLjy, and the involution * being defined by 

% = sign[(z - m- 1/2) (n - j + l/2)](-g)^ det, T tJ . 

Here det g is the quantum determinant PQ, and the matrix is derived from the matrix 
T = (tki) by discarding its i's row and j's column. 
It follows from det g T = 1 that 

n N 
3=1 j=n+l 

Thus the map J : tj tij, j = 1, 2, . . . , N, admits a unique extension to a homomorphism 
of *-algebras J : Pol ^34~ n ,m) — > Pol (x j . Its image will be denoted by Pol (jt n ,mj ■ 

It is easy to verify that the *-algebra Pol(CK n m ) g is embedded this way into Pol (^K n ,rnj 

and its image is just the subalgebra in Pol {^i n ^ generated by t%jt* k , j, k = 1, 2, . . . , N. 
In what follows we will identify Pol(Jt n , m ) q with its image under the map J 



Remark 3.1 1. Yo\{'K n ^ m ) q can be characterized in two ways. Firstly, 

Pol(IK n , m ) g = | / G Pol (x^ A L (f) = 1 ® / j . 

Here A L is the coaction A L : Pol LX^ — > C[s(ui x U7v_i)] g <g) Pol ^xj , A L : i-)- 
XI ^(^ifc) ® ^fci> an d n '■ P°l (-^j ~~ ^ C[s(ui x Ujv_i)] 5 is the factorization map with 

fe=l \ / q 

respect to the two-sided ideal in Pol ^xj generated by tu~, tki, k = 2, 3, . . . , N, cf. 
11.6.2, 11.6.4]. 

2. Another characterization is in observing that Yo\{'K n ^ rn ) q is the subalgebra of 

U q s(u\ x u.Ar_i)-invariants under the left action in Pol ^X^ . The latter action is a 

dual to the coaction A L as in [61 1.3.5, Proposition 15]. To prove the equivalence one 
should observe the U q s(ui x UAr_i)-invariance of ti 3 t\ k and compare the dimensions 

of graded components of the algebras Pol (jt n ,mj and <C[GLN 1 \ q IqSiyUiy ' UN ~ 1 \ 



We use the notation tj instead of £y for the generators of the *-algebra Pol ( CK n r 
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Let I v , <p G M/27tZ, be the ^-automorphism of the *-algebra Pol (ji n>m ) defined on 
the generators {i,}j=i,...,7v by 

I v : tj ^ e iip tj. (3.2) 
Then one more description of Pol(5i n%m ) q is as follows: 

Pol(Jf n , m ) 9 = j/G Pol (:K n , m ^ W) = f f o r all y?}. 

At the end of this section we list explicit formulas for the action of U q 5u n ^ m on 
Pol ( 



The action of U q su njm on Pol ( IK n>m ) is described as follows: 



Ejti 



Ft- 



q~ 1/2 ti-i, j + l = i, 
0, otherwise, 

q 1/2 U+i, j = h 

0, otherwise, (3.3) 



q %, j = i, 

KfU = { q*Hi, j + 1 — i, 



U, otherwise, 



-Q 3/2 ^*+i, j = iki^n, 
Ej t* = { q- 3 /H* +1 , j = ihi = n, 
0, otherwise, 

Fjt* = { q 3/2 tU, j + l = iki = n + l, (3.4) 
0, otherwise, 

q Tl t*, j = i, 

Kft* = \q±H*, J + l = ^, 
tj, otherwise. 



4 A *-Algebra D(^K n ,m)q of finite functions 

Let us construct a faithful ^representation T of Pol(^K n ^ m ) q in a pre-Hilbert space CK (the 
method of constructing T is well known; see, for example, |llj). 

The space 0~C is a linear span of its orthonormal basis {e(ii, 12, ■ ■ ■ , *at— 1) | h, ■ ■ ■ , i n £ 
-Z+; i n+ i, . . . ,zjv-i e N}. 
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The ^representation T is a restriction to Pol(IK n)m ) ? of the ^representation of 
Pol (5i nim j defined by 



3-1 

E ik 



T{t j )e{i 1 ,...,i N _ 1 ) = q&'* ■ (q 2 ^ 1] - if' 2 e(i u . . . , ij - 1, . . . , i N -i), 

3-1 

T(t*)e(i 1: . . . , ijv-i) = q"= 1% " ■ {q 2i] - l) 1 ' 2 e(i u . . . ,ij + 1, . . . , i N -i), 
for j < n, 



3-1 



T{tj)e{h, ijv-i) = q^ ■ (1 - q 2 ^-V) 1/2 e(h, . . . , ij - 1, . . . , i N -i), 



3-1 

E i-k 



T(^)e(ii, . . . , ijv-i) = g*^ 1 "" • (l - g Mj ) 1/2 e(h, . . . , ij + 1, . . . , i^-i), 
for n < j < N, and, finally, 



AT-l 

E »jt 



T{t N )e(i u . . . , ijv-i) = g^ 1 e(ii, . . . , ijv-i), 



AT-l 

E »/t 



T(t* N )e(i 1: . . . , ijv-i) = g^ 1 e(ii, . . . , ijv-i)- 
Define the elements {:Ej}j=i,...,jv as follows: 



def 



N 

E J > n, 

k=j 

n N 
fc=j fc=n+l 



Obviously, xi = 1, XiXj = XjX ly 



tjXfc 



hence 



tjX k 



q 2 x k tj, j < k, 
x ktj, j > k, 



q 2 x k t* p j < k, 
x k t*, j > k. 



(4.1) 



(4.2) 



(4.3) 



(4.4) 



(4.5) 



(4.6) 



1,2, 



The vectors e{i\, . . . , ijv-i) are joint eigenvectors of the operators T(xj), j 
,N: 

T( Xl ) = /, 



3-1 

2 E 



(4.7) 



T(x j )e(i 1 , . . . , 2at_i) = q k ^ e(ii, . . . , ijv-i). 
The joint spectrum of the pairwise commuting operators T(xj), j = 1, 2, . . . , N, is 

971= {(x u ...,x N ) G R*| 

Xj/xj G q 2Z & 1 = Xi < x 2 < . . . < x n+ i > x n+2 > . . . > Xn > 0} . 
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Proposition 4.1 T is a faithful representation of Pol(!K n)m ) 9 . 

Proof. It suffices to verify faithfulness of the (unrestricted) representation T of 
Pol (jt n ^ ■ It is quite obvious that an arbitrary element of Pol (ji n ^ m j can be written 



q \ / q 

as a finite sum 



f _ \ A +i\ J.i n+ *in+l ,*i N f ( \j_jN J-jn+lj_*j n .* 

J — / , L l ■ ■ ■ L n L n+1 ■ ■ ■ L N JU\. X 2, ■ ■ ■ ,^N)I^n ■ ■ ■ L n +1 L n ■ ■ ■ L l 

(i 1 ,...,i N ,j 1 ,...,j N ): i k jk=0 

where fu(x2, • • • , %n) are polynomials, I = . . . , zjv), J = (ji, ■ ■ ■ ,Jn)- It follows from 
the definition of T that every summand 



+11 J.j„J.*«n+l +*l N f I \±JN A3n+X + *J n +*. 

L l ■ ■ ■ h n L n+l • • • L N JU\ x 2i ■ ■ ■ , Xn)^n • • • L n+l L n • • • L l 

takes a basis vector e(ki, . . . , fcjv-i) to a scalar multiple of the basis vector e(k\ + j\ — 
£]_, . . . , k n -\- j n i n} k n+ \ — j n +i + i n +ii ■ ■ ■ , fcjv-i — Jn-i + ^n-i)- Moreover, the sets of 
indices (ki + ji — ii, . . . , /cjv-i — 3n-i + ijv-i) of the image basis vectors are different for 
different monomials, provided the indices of the initial monomial e(k\, . . . , &jv-i) have 
modules large enough. Therefore, to prove our claim, it suffices to choose arbitrarily a 
summand of / and to find an initial basis vector e{k%, . . . , fcjv-i) in such a way that the 
chosen summand does not annihilate (under T) the vector e{k%, . . . , fcjv_i). 

Let us consider a basis vector e(k\, . . . , fcjv-i) with |/c s | > j s for all s = 1, . . . , iV — 1. 
Then 

T (4 W . . . CC • • • tl jl ) e(h, . . . , k N ^) = 

const • e(ki +ji,...,k n + j n , k n+1 - j n+1 , . . . , k N -i - j'at-i), 

where const ^ 0. 

Moreover, T(fu(x2, ■ ■ ■ , x^)) acts by multiplying the basis vector by a (value 
of a) polynomial p (q 2kl , . . . , g 2 ^- 1 ) (due to ( 14. 7ft ). where p(«i, U2, ■ ■ ■ , Un-i) = 
fu(ui, u%U2, • • • , • • • v>n-i), and p is certainly a nonzero polynomial. A routine argu- 
ment allows one to find ki, . . . , k N _i such that \k s \ > j s and p (q 2kl , . . . , q 2kN -^ ^ 0. This 
proves the claim we need. □ 

Let P be the orthogonal projection of "K onto the linear span of vectors 
{e(0, . . . , 0, i n+ i, . . . , ijv-i) I i n +i, • • • 1 ijv-i e N}. Of course Pol(JC nim )g does not contain an 

n 

element /o such that T(fo) = P. Our immediate intention is to add fo with this property. 

Consider the *-algebra Fun (^K n ,rnj D Pol (^K n ,m J derived from Pol (^K nt mj by adding 
an element fo to its list of generators and the relations as below to its list of relations: 

t*fo = fotj = 0, j < n, 

x n+lfo = foX n+ i = f , 

cl e* f \ " / 

JO ~ JO ~ JOi 

tjfo = fotj', t*f = fofj, j > n + 1. 
The relation I v f = f allows one to extend the ^-automorphism I v (13. 2\ of the algebra 
Pol (ji n ,rnj to the ^-automorphism of Fun (^K n ,m j • Let 

Fun(J{ nim ) = [fe Fun (X m ) | /„/ = /} . 



Obviously, there exists a unique extension of the ^representation T to a ^-representation 
of the *-algebra Fun(CK n m ) such that T(f ) = P. 

Our subsequent observations involve extensively the two-sided ideal D([K nim )q of 
Fun(^K njm ) generated by fo- We call this ideal the algebra of finite functions on the 
quantum hyperbolic space. 

Theorem 4.2 The representation T o/D(3-C n m ) g is faithful. 

Proof. Obviously, every / e D(3-C nim ) g admits a unique decomposition 

f _ \ jil J.«AT f jjN J.jn + 1-L*j n J-*jl 

J — /-^t 1 ' " n n + 1 ' ' ' N J° N ■ ■ ■ L n+1 L n ■ ■ ■ n ■ 

(il ... , ijv, ji ■ ■ . jjv) : 
il + . . . + i n + jn+l + . . . + jjv = 
= ji + . . . + j n + i n +l + . . . + ijv 

A straightforward application of the commutation relations (14. 8p allows us to refine the 
above decomposition as follows: 

(il . . . , iff, jx . . .j N ) : i k j k = & 
il + . . . + i n + j n+ i + . . . + jfjv = 
= ji + . . . + j n + in+l + ■ • ■ + ijv 

where 

flJ = X N ^)t\Hf . . . t k n "fo(t:) k - . . . (t;) fc2 (tl) fel (4-10) 

K 

for some nonzero polynomials px- 

Let us consider a basis vector e(ai, . . . , a/v-i)- Every summand from (14. 9 p takes 
e(ai, . . . , ajv-i) to a scalar multiple of the vector e(ai + ji — zi, . . . , a n + j n — i n , a n+ i — 
jn+i + in+i, ■ ■ ■ i o-N-i — 3n-i + ijv-i) (nonzero if well defined). By our assumptions on 
entries of I and J, the subset of nonzero multiples as above are linearly independent. 
Thus it suffices to choose arbitrarily a summand in (14. 9p and to prove that it does not 
annihilate some basis vector. 

Let us also choose arbitrarily a summand 

PK (x n+2 , . . . , x N ^)t\n^ . . . t*"/ (t;) fe " . . . (t%p (t\) k ^ 

from flUO}. T{Utl) k -...{tl) k -{t\) k ^)T = 

const • e(0, . . . , 0, a n+ i — j n+ i, . . . , a^-i — Jn-i)- Here const = unless a s + k s + j s = 
for s = 1, . . . , n and a s > j s for s — n + 1, . . . , N — 1. Set a s = —k s — j s for s = 1, . . . , n. 

Now let us consider the action of T(pK(x n+ 2, ■ ■ ■ ,xn-i)) on vectors of the 
form e{-k 1 ,...,-k n ,a n+l - j n+1 , . . . , a N - X - Jn-i) with a s > j s for s = n + 
1,...,N — 1. An argument similar to that used in the final paragraph of the 
proof of Proposition 14.11 allows us to choose o n +i, . . . , Oat-i in such a way that 

T (4 1 . . . COi" 1 • • • tTfu^N ■ ■ ■ C+i*n n • • • ti 1 ) does not annihilate e{a x , a^-i). 
This proves our claim. □ 
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Remark 4.3 i) Due to (14.8p . fo can be treated as a function of x ra+ i: 

/o = /oK +1 ) = (J' " n+1 = 1 : 2N (4.H) 

i u, x n +i t g 

(Recall that speca; n+ i = q~ 2Z+ ). Thus /o is a g-analog of the characteristic function of 
the submanifold 

{ (h, ■ ■ ■ , *jv) G C^l ti = t 2 = ■ ■ ■ = t n = 0} H Jt n ,m- 

ii) Let f(x n+ i) be a polynomial. Then it follows from (14.4j) . (14. 5D that 

n n 

X] tj(x n+1 )t* = f(q 2 x n+l ) *i*< = / (<7 2 ^+i) (z„+i - 1). (4.12) 

i=l i=l 

n 

This computation, together with (14. lip , allows one to consider the element fi = ^2 Ufot* 

i=i 

function of x n+ \ such that 



/i(a?n 



q 2 - 1, a; n+ i = g 2 , 

0, x n+l = 1 or x n+ i G <T 2N ~ 2 . 



Thus a multiple application of ( 14. 12ft leads to the following claim: T>(!K n ^ m ) q contains all 
finite functions of x n+ i (i.e., such functions / that f{q~ n ) = for all but finitely many 
n e N). 

Let us now is to endow D(CK nim ) g with a structure of [/gSu n?T) -Hiodule algebra. For 
that, it suffices to describe the action of the operators {Ej, Fj, Kj}. =l 7V _ 1 on f . Here 
it is: 

E n fo — — -7, 7*n/o* n +i> (4-13) 

o—l 



g 3/2 



i^n/o = -p^-Wi/oC (4.14) 

^n/o = fo, (4.15) 
E j f o = Fjf o = (K j -l)f o = 0, j^n. (4.16) 

Remark 4.4 To see that the above structure of U q su n , m - module algebra on D(CK n m ) g 
is well-defined, it suffices to use an argument contained in [IT] . Here we restrict ourselves 
to explaining the motives which lead to (I4.13P - (I4.16p . An application of (13. 3p . (13.41) and 
( I4.4p allows one to conclude that for any polynomial f(t) 

E n f(x n+1 ) = q -VH j iq ~ 2 ^ +l) - fiXn+l) t* n+1 , (4.17) 

Q x n +% — £ n +i 

F n f{x n+1 ) = q 3 /H n J {q ^ X 2 n+l) - f{Xn+l) tl (4.18) 

Q x n+ \ — x n+ \ 

E j f = F j f=(K j -l)f = for j/n, j = 1,2,. . .,N -1. (4.19) 
A subsequent application of ( 14. 17ft - ( I4.19p to the non-polynomial function f ( 14. lip yields 

dm - dm. 
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5 Invariant integral 

The aim of this section is to present an explicit formula for a positive invariant integral 
on the space of finite functions 2)(J£ nm ) g and thereby to establish its existence. 
Let v q : 2)(JK n)Tn )q — > C be a linear functional defined by 



Vq(f) = Tr(T(/) ■ Q) = J fdu qj (5.1) 



where Q : 'K — > "K is the linear operator given on the basis elements e(ii, . . . , ijv_i) by 

JV-l 

Qe(ii, In-i) — const • g i_1 e(ii, . . . , ijv-i) 3 const > 0. (5.2) 
Thus Q = const • T(x 2 • . . . ■ x^)', this follows from (14. 7p . 

Theorem 5.1 The functional v q determined by (15.1 ft is well defined, positive, and 
U q su n:m -invariant. 

Proof. It follows from (EH]) . (IQjl . (143]) that any element / of the algebra T>CK n , m ) q 
can be written in a unique way in the form 

/ = ... tn C+l 1 • • • t*N N flj(. x 2' ■■■■> x nWn ■ ■ ■ ^n+l^n " ' ' ' ^l^ ' ( 5 - 3 ) 

(ii . . . , ijv, Ji ■ • ■ jjv) : «fejfc = & 

11 + . . . + i n + jfn + 1 + . . . + jjv = 

= jl + ■ ■ ■ + jn + in+l + . . . + ijv 

with fu(x2, . . • , £tv) being a polynomial in X2, ■ ■ ■ , x n , x n+ 2, . . . ,xn and a finite function 
in x n+ i, that is, fu(x2, ■ ■ ■ , Xn) has the form 

J2 W k 2 *---x^f K {x n+l )xiX2---x k Ni a K GC, (5.4) 

finite sum 

and /k(<?~ 2 ') 7^ for finitely many I e Z + . 
Then, by our definition, 

const • £ /oo (g 2 * 1 , g 2 * 1+2 * 2 , • • • , ^+-+»*-x) . 

e (-Z+) n 
(in+i,...,^!) er- 1 

. ^2(Af-l)i 1 +2(V-2)i 2 + ...+2i JV _ 1 /g 

and the series in the right hand side of ( 15. 5 j) converges for / of the form ( 15 .4|) . 
The positivity of the linear functional ^ g means that 

^(/7)>0 for /^0. 

This follows from the explicit formula (I5.5P and the faithfulness of the ^-representation T 
of the algebra D(!K njm ) q (see Section HJ). 

What remains is to establish the [/ g su rajm -invariance of z/ g . The desired invariance is 
equivalent to 

v q {E j f) = Q, v q (Fjf) = 0. (5.6) 
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for any / G 1>(^K nim ) q and j = 1,2, . . . , N — 1. Observe that v q is a real functional, i.e., 
v q {f*) = v q {f). The latter relation follows from selfadjointness of the operator Q : !K — > "K 
involved in the definition of v q . This allows us to reduce the proof of ( 15. 6 p to proving the 
abridged version of it 

= 0, j = l,2,...,N-l. (5.7) 

We are going to establish (15. 7p for j < n; for other j the proof is similar. 
Moreover, for a function / of the form 

f _ +h + i n+ *in+l ,*i N f ( \.jN ±jn + l.*j n 

J — L l ■ ■ ■ h n L n+1 ■ ■ ■ L N JIJ\ x 2i • • • > X]y)i N ■ ■ ■ L n+1 L n • • • l X 

with i k j k = for k = 1, 2, . . . , N, one has u q (Ejf) = if I ^ (0, . . . , 0, 1, 0, . . . , 0) and 

(j'+l)th place 

J^(0,...,0,1,0,...,0) (if j<n) or I ^ (0, 0, . . . , 0) and J ^ (0, . . . , 0, 1, 1, 0, . . . , 0) (if 

jth place jth (j+l)th places 

j = n). Thus we have to verify that v q [E^ \ tj+\${xi, . . . , XN)tj)) = 0. 
It can be demonstrated by a direct computation that for j < n 



E j (t j+1 f(x 2 ,...,x N )t* j ) 



,-1/2 



q 2 f(x 2 , ...,Xj, q 2 x j+1 , q 2 x N )(x j+1 - Xj) 



q Xj + 2 ~ x j+i 



(1 - q 2 )x j+1 



-f(x 2 , x j+x , q 2 x j+2 , q 2 x N )(x j+2 - x j+1 ) 



_2 

q Xj+i — Xj 
(1 - q 2 )x j+1 _ 



. (5.8) 



1. Let j = n. Then 

V 1 { E j (tj+lf(3C 2 ,---,X N )t*)) 



const' • 

(h ...,i n ) e (-z + )» 

(i n+ i,...,j]V_i) e N r ' 



2i 1 +...+2i„_ 1 2u+...+2i„+2 

j q 



Q 



2il + ...+2^ J v_l+2^ 



^2 ^2ii+...+2i„ _ g2ii+...+2i n _i^ /^2ii+...+2i n+ i-2 _ ^2n + ...+2i n ^ 



2ii + ...+2i„ 



q 

f (n 2il 2n+...+2i n 2n+...+2i n+1 +2 2i 1 +...+2i JV _i+2\ 

j \q i ■ ■ ■ i q iV > • • • j q ) 



/^2ii+...+2i„ +1 _ ^2ii+...+2i„\ fg2i 1 +...+2i n -2 _ ^2n+...+2i n _i 



2i 1 +...+2i N _ 1 +2) 

2(JV-l)w+...+2ijv-i 



q 



2h+...+2i n 



q 



const' • 

(U...,in) e (-z+) n 

(in+l,..-,<JV-l) e N r ' 



2ii 2ii+...+2i n _i 2ii+...+2j n +2 2u+...+2ijv-i+2> 

■ ■ . ,q ,q ,...,(/ 



g 2 ( g 2i n _ t J [^i-J - 1) - 
2i 1 +...+2i„ „2ii+...+2i„ + i+2 ^2ii+...+2i]v_i+2j 



- f (q 2h ,... 7 q- x " n ,r" 1 (i 



2i 1 +...+2t„_ 1 ^2(iV-l)i 1 +...+2ijv_i 
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Let us consider the inner sum (in i n and i n +i)- For brevity, we denote 

in+l,«n+l " 



f (g2ii g2«i+...+2i n _i g 2ii+...+2i n +2 g2ii+...+2i JV _ 1 +2-j ^ 



2(iV-n)i+2(7V-n-l)j 



t 6 -Z+ 

= £ • (1 - (1 - <? 2J " 2 ) g2(Ar-n) i+ 2(Ar-n-l)i+2 

ie-z+,jeN 

= g -2(AT-n-l) ^ . p _ g 2*-2) ^ _ g 2,-2) g 2(AT-^+2(iV-n-l)i 

i<i,jen 

_ q -2(N-n-l) ^ (1 - q 2 ' 1 - 2 ) (1 - q 2 >- 2 ) g 2(7V-n) 4+ 2(JV-n)i = Q 

iG-Z+ ,j>2 

Thus the proof in this case is complete. 
2. Let j < n. 



2(N-n)i+2(N-n-l)j 



£ [tto-U ■ g 2 (1 - 9*) (1 - q 23 - 2 ) - ifcj+i ■ (1 " ? 21 - 2 ) (1 " ^)] Q 

= g -2(AT-n-l) ViJ (1 " ^ 2 ) (1 - <7 2J ~ 2 ) g 2 ^-")^ 2 ^-"-^ 

i<l,j'6-Z+ 

_ g -2(tf-n-l) ^ ^ _ g 2*-2) ^ _ g 2i-2) q 2(N-n) t+ 2(N-n) 3 = q 

ie-z+j<i 

The Theorem is proved. □ 

Remark 5.2 It is reasonable to choose const in (15.21) so that the following normal- 
ization property is valid: 

^(/o) = l- 

This allows us to find the constant explicitly: 

JV-l 

Const = q -(N-n)(N-n-l) "Q ^ _ q 2(N-j)y 

j=n+l 



6 Quantum homogeneous space 3 n , m 

Let Pol ^S nm j denotes the quotient algebra of Pol(!K n>rn ) q by the ideal Pol(JC n)TO )g ■ c 

(recall that c belongs to the center of Pol(IK nim ) ? ). This is a g-analog of the polynomial 
algebra on the isotropic cone. Define an automorphism 1^, ip e IR/27rZ, of the algebra 

Pol (E n}rn J by 
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Then it follows from the definition that 



Pol(H niTO ) 9 = | / e Pol (H n ,m) I^f) = f for any <p\ . 
We are going to construct a ^representation T of the *-algebra Pol ( H n m ) in a pre- 



Hilbert space CK in such a way that the restriction of T to the subalgebra Pol(E n)in ) q is 
a faithful ^-representation of Pol(H n)m ) g . 

Let {e(ii, i 2 , ■ ■ ■ ,ijv-i)| «i G Z; z 2 , . . . , z n £ _ Z + ; W13 • • • >*jv-i ^} be the orthonor- 
mal basis of the space !K . Then T is defined as follows. 



T (*i)e(ii, • • • , ijv-i) = q 11 e{i x - 1, ... , zjv-i) 
7o(*i)e(«i, • • • , zjv-i) = g n e(ii + 1, . . . , i N -i), 



(6.1) 



i-l 

E ** 



T (t,-)e(2i, . . . ,ijv_i) = q^ 1 * (q 2(h 1} - l) 1/2 e(zi, . . . ,ij - 1, . . . ,zjv-i), 



i-l 

E ** 



T (t*)e(ii, . . . jijv-i) = g^ 1 K (g 2ij - l) 1/2 e(?a, . . . ,ij + 1, . . .,in-i), 
for 1 < j < n, 



i-i 

E ** 



To(tj)e(ix, . . .,i N -i) = q k=1 * (l - <? 2(v x) ) 1/2 e(ii, . . . - 1, . . . ,zjv-i), 



i-i 
E *fc 



T (t*)e(ii, . . . , z^-i) = q^" (l - g 2 ^) 1/2 e(ii, . . . , ij + 1, . . . , ijv-i) 



for n < j < N, 



JV-l 

E *fe 

T (tAr)e(zi, . . . ,i N -i) = q k=1 e(ii, 

JV-l 

E *fc 



. i jv-i) j 



T {t* N )e(ix, . . . , = g fc=1 e(i 1} . . . , z'jv-i), 
Let us introduce the notation 



(6.2) 



(6.3) 



(6.4) 



JV 



n. 



fe=j 



JV 



k=j k=n+l 



Evidently, £i = 0, and the elements £2, ■ ■ ■ , 6jv satisfy ( 14. 5 p - (14. 6 p with %k being replaced 
by The joint spectrum of the pairwise commuting operators {2o(6j)}j=Tjv ^ s the set 



m = {(^...^ N )eR N \ 

e g 2Z , j > 1 & = Ci < 6 < • • • < ^n+i > ^+2 > • • • > 6v > 0} 
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Similarly to the case of Pol(CK nj?n ) g , any element from Pol(S nim ) g can be written in the 
form 

f _ \ ^ jil J.i n j.**n+1 f*«JV fit C \+3N ijn + l,*j n 

J — 2^ 1 ■■■ l n l n+l JlJK&i ■ ■ ■ > ?ATj% • • • r n+l r n • • • r l J 

7"J = 
finite sum 
il + . . . + i„ + j n+1 + . . . + j N = 
= in+l + ■ ■ ■ + IN + jl + ■ ■ ■ + jn 

where fjj are polynomials in £ 2) • • • 3 6v, and such decomposition is unique. 

The *-algebra Pol (^E n ,m j is a £/qSu nim -module algebra. Namely, the action of U q su n ^ m 

on the generators t,, t* of Pol ( H n m J is defined by (I3.3P - (13. 4p . This definition is correct 



due to the fact that the element c of the covariant algebra Yo\{ < K n ^ m ) q is ?7 q su nim -invariant. 
Thus the *-algebra Pol(S n)m ) q is a U q s\\ n , m - module algebra too. The same computations 
as in the case of Pol^^m)^ show that for any polynomial f(t) 



n+V 



/(rtn+lWgn+l) 

f(q- 2 Ui)-f(in + i)„ (6.5) 



-C'n/Un+lJ = <? t n — — - t n+1 , 



q £,n+l — £n+l 



(K n - l)f(U+i) = Ejf {Ui) = FjfiUi) = (K 3 - l)f(Ui) = 0, n. 

Now (14. 5p . (I4.6p . and (I6.5P allow one to introduce the covariant *-algebra D(H nm ) 
of finite functions on the quantum homogeneous space S n m . It is formed by ele- 
ments of the form ( 15. 31) with instead of Xk, where fu(^2, ■ ■ ■ , £jv) are polynomials 
of ^2, • • • , £n, in+2, ■ ■ ■ , £,n and finite functions of £ n+ i (i.e., fu has the form (15. 4p where 
/k(<? 2Z ) 7^ for finitely many I 6 Z). 

Theorem 6.1 T can fee extended to a faithful * -representation of the *-algebra 2)(S nim ). 

Remark 6.2 The algebra Pol^^m)^ has the same list of generators as Pol(H) g while 
the lists of relations differ by replacing c — 1 = with c = 0. Furthermore, the differences 
between the formulas ( 14.ip - ( 14.3P and ( 16.ip - ( 16.4p are low enough to enable us to apply 
the same argument in proving Theorems 16.11 and 14.21 

Now let us construct an invariant integral on D(S n m ). Denote by z/° the linear func- 
tional : 2)(S ni?n ) — > C given by 



v»(f)=Tr(T (f)-Q 



( . \ 



(6.6) 



with Qo : CKo — >■ 5Co being the linear map given by 

JV-1 

Q e(ii, ... ,in-i) = const • g e(ii, . . . , i^-i)- (6-7) 

Theorem 6.3 The functional z/° is well-defined, positive, and U q su n ^-invariant. 
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Proof. It follows from the definition that 

■?(/) = const • /oo(g 2^ ^g 2^1+2^ ^...,g 2^1+ ■■■ +2 ^-0? 2^l( ^ 1)+ ■■■ +2^JV - 1 • (6-8) 



ii e z 

{i2-.., in) e 

(in+i,...,^-!) eN m -» 

Here /oo is the function involved in the decomposition ( 15. 3ft of /. 

To prove that the definition ( 16. 6 p of is correct, it now suffices to show that the series 
in the r.h.s. of (16. 8p is absolutely convergent for / 00 satisfying the condition 

/OO (6, ■ ■ ■ , £n, Q 2 \ 6+2, • • • , 6v) = for I ^ / . 

Let /oo be such a function. Then 

5^ /OO (9 2 * 1 q 2h+2i2 ^2u+...+2i n ^2ji+...+2i JV _ 1 j ^2i 1 (Af-l)+...+2i JV _ 1 __ 

ii ez 
(*2...,*») e 

(»„+!,..., ijv-i) eN" 1 - 1 

\ ^ t ( 2l —2i2-...—2i n 2l -2i 3 -...-2i n 2l —2i n 2l 2/ +2i n+ i \ 

— 2^ J 00 [I iQ ) • • • j Q ) 9 j 9 j • • -J - 

(i 2 ...,in) e 

(i n+1 ,...,i JV _ 1 ) en™- 1 

_ q2l (N-l) . ^2ii(AT-l)+...+2ijv_i . ^-2i 2 -4i 3 -...-2(n-l)i„ . ^2i n+1 {m-l)+i n+2 {rn-2)+...+2i N _ 1 

It is implicit here that only terms with + . . .+i n = Iq can be non-zero; also, the following 
obvious equality is used: 

2(JV-l)zi+...+2%-i = g2ii _ ^2ii+2i 2 . . ^2ii+...+2i N _i 

Now to establish the convergence of the series ( 16. 9p . it suffices to recall that / o is a 
polynomial in £ 2 , . . . , f B , £ n+2 , . . . , 6v- 

The positive definiteness of can be explained in the same way as it was done in 
Section |5] for u q . 

Let us turn to proving the invariance of v®. To do this, one needs to reproduce the 
proof of a similar fact for v q almost literally, including the computations of cases 1 and 2. 
But now there is one more case to be considered: 

3. Let j — 1, then (see flEgp ) 



E 1 (t 2 f(C 2 ,...,^ N )t* 1 ] 



<T 1/2 



6(6 -g%) tft 2c 2c ,<T 2 6(6-6) 



f( q %, . . . , q w;;° - ? 2 6, • • • , re 



[f(q%, ■ <? 2 6v)(6 - g 2 6) - <T 2 /(6, <? 2 6, • • • , <? 2 6v)(6 - 6) 
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Now let us show that i/°(£ , i(t 2 /(^2, • • • ,6v)^i)) = 0- I* 1 fact, 
v° g (Ei(hf = 

= const' • lf(l 2il+ \ q 2n+2l2+2 , (g%-2 - l) g 2u+2 

j'^q^ 1 q 2i l+2h+2 ^2i 1 +...+2i JV _i+2^-2^2i 2 _ l)^ 2 *lj (JV-1)+... +2ijv_i ^ 

As usual, we denote f{q 2n+2 , g 2l i+ 2i 2+ 2 ; . .. ; g2ji+...+2 lJV _!+2^ L e ^ us compute 

the inner sum over Zi and ii in the r.h.s. of (I6.10p . 

£ [^W^ -8 - 1) - rVij+iC^ - 1)] • g 2i7V g 2j(iV - 2) = 

= A,j(q 2j ~ 2 -i>q 2iN+2jN ~ 4j ~ 2N+2 - AAq 2j ~ 2 -i>Q 2m+2j{N ~ 2) ~ 2N+2 = o. □ 

iez,je-z+ iez,j<i 

Remark 6.4 Here const is chosen in f !6.7p so that the following normalization prop- 
erty is valid: 

"job) = i- 

This allows us to find the constant explicitly: 

n—1 N—n—l 

const = 9 -(JV-»)(JV-«-i) JJ (1 - g 2 ^) n (l-g 2j ). 

i=i j=i 



7 Principal non-unitary and unitary series of representations of 
U q sUn,m related to the space 

1 — <n,m 

The element £ n+ i quasi-commutes with all the generators of the algebra Pol(H n m ) g . Thus 
(£n+i) z+ is an Ore set and one can consider a localization Po\(E n>m ) q ^ n+1 of the algebra 
Pol(H njm ) g with respect to the multiplicative system (£ n+ i) z+ . Evidently, the U q su n ^ m - 
module algebra structure extends to the localization in a unique way. 

Denote by 7 the automorphism of the algebra Pol ^S n m j given on the generators by 

7 : tj t-> qtj, t* i-> qt*. 



1 



Note that 7 is well defined due to the homogeneity of the defining relations for Pol ^H nm 

Obviously, 7(^+1) = <? 2 £n+i, and this allows one to extend 7 to an automorphism of the 
algebra Pol(H n>TO ) g ^ n+1 , which commutes with the action of U q su n ^ m . This can be deduced 
from (E3D, (E3D, and (ESJ). 
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Introduce the *-algebra £(S ra m ) g of elements of the form 

J— 2^ 1 ' ' - l n l n+l ' ' ' N JlJK&i ■ ■ ■ i$N)™N ■ ■ - l n+l l n ■ ■ - l l > 

IJ = 
finite sum 

11 + . . . + in + jn + 1 + ■ ■ ■ + JN = 

= in+1 + • • • + IJV +jl + ■ . . + jn 

with 

...,&)= E a ^ 2 e 3 fe3 • • • eir- (7.1) 

finite sum 
k 2 ,. ■ . , k„, k„ + 2, . . . ,k N e 
fcn+l 6 C 

Here ag e C and the algebra structure is given by (14. 5p . (|4.6p . 

Given s 6 C, let £ s (S njm ) g be the subspace in 8,{E n ^ m ) q of those elements which have 
the 'homogeneity degree' equal to s — N + 1: 

7(/3 = 9 s " iV+1 • /■ (72) 

Thus £ s (S nj?Ti ) g is a {7 g su n!m -submodule in £(S„ jm ) g . We call these sub modules the mod- 
ules of the principal non- unitary series related to H n m . 

Now let us construct an invariant integral in £_7v+i(S n m ) g . 

Note that "D(E n>m ) q can be made a covariant £(S nm ) g -bimodule using the relations 

(S3D, (USD- 

Let xz ^ D(E niTn ) q be the function of £ n+ i such that 

xM 2k ) = hh k,lez. 

Lemma 7.1 For any f G £_Ar + i(H n m ) g , £/ie integral 

&?(/) = [ f-Xidvl (7.3) 



<ioes not depend on I. 
Proof. 

= const Y, Mq 2l \q 2il+2i \ • • • , g «i+-+»Ar- 1 ) Xj ( 5 aii+...+2<Ar- 1 )gaii(JV-i)+...+ai w _ 1 

ix e z 
(i 2 ...,i„) 6 

(i n+1 ,...,i JV _ 1 ) eN™- 1 



const 



E f / 2/-2t 2 -...-2tn „2/-2i 3 -...-2i„ „2i-2i„ 2Z 2«+2i n+ i \ 



(i 2 ...,i„) G 

(i„+x,...,%-x) eN™- 1 



• q 



2l(N-l) . ^-2j2-4i3-...-2(n-l)j n +2i n+ i(»n-l)+2i n+ 2(m-2)+...+2jiv_i ^\ 
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Clearly, / £ £ _7v+i(S njm ) g implies 

7(/oo(6, • • • , 60) = ^ 2iY+2 /oo(6, • • • , 60, 

or, equivalently, 

/oo(g 2 6, • • • , g 2 6v) = g" 2Af+2 /oo(6, • • • , 60, 

and thus the r.h.s. of (17.41) can be rewritten as follows 



const 



q 2l{N ~ 1] foo{q~ 2i2 -- 2i % <T 2i3 -- 2 S . . . , a" 2 *", 1, g 2 ^ 1 , . . .)• 



fa..., in) e 

(i n+l! ...,i N -i) er- 1 

_ ^2/(AT-l) _ ^-2i2-4i3-...-2(n-l)j n +2i n+1 (m-l)+2i n+2 (m-2)+...+2i JV _ 1 _ 

= const ^ /oo(g- 2i2 "-" 2in , 7 2,! 2 " . • • • , <T 2i ", l, g 2Wl , 

(i 2 ...,i«) e 

(i„ + i,...,i JV _i) eN™- 1 
• q 



-2i 2 — 4«3— 2(n— l)i n +2i n+ i(m— l)+2i n+ 2(m— 2)+...+2ij ir _ 1 j— | g\ 



Introduce the notation or J fdb q for the linear functional (17. 3ft on £_7v + i(S n>m )g. 
It follows from the proof of Lemma 17.11 that 

K(f) = r 2 " 1) N ' 

Ef ( n 2 h+---+2jn-i 2i 2 +...+2j n _i -2j„-i -I 2ii 2ii+2i 2 2ii+...,2i m _i\ 

(ji...,in-i) e 
(u,...,i m _i) er- 1 

. ^2ji+4j 2 +...+2(n~l)j n _i _ ^2(m-l)ii+2(m-2)i 2 +...+2im-l (7 

Theorem 7.2 6 g zs an invariant integral on £_7v+i(H ram ) g . 

Proof. By (16. 5B . the functions of £ n+ i are U q s(u n x u m )-invariants. Thus b q is a 
U q s{u n x u m )-invariant functional (see Theorem 16 .31) . It remains to prove that b q (F n f) = 
b q (E n f) = for / G £_AT + i(S nim ) g . Let us prove just one of these two equalities, for 
example, b q (E n f) = J E n f ■ \idv Q q = 0. 

The invariance of and the fact that D(H njm ) g is a covariant £(S n m ) g -bimodule imply 
that 



b q (E n f) = -q- 1 J f ■ E nX idu° q , / G £_ 



JV+l v 1 — •n,m)q 



(the integration by parts is used here, see [TJ Chapter 4]). 
By (ESJ), 
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-q 1 f ■ E n xidu 



xM 2 £n+i) - Xi{in+i] 
" (g" 2 - l)£ n+1 ° n+l ^ q 



q 



-3/2 



(q~ 2 ~ 1) 

,-3/2 



/> . X*+l(£n+l) - Xl(€n+l) + * , n 
J ' l n r l n+l aU q 



n+l 



9 



(g" 2 - 1) 



Tr 



6 



n+l 



-3/2 

(g^-l^Tr 



(g- 2 - 1) 
= const (g, n, N) Tr 



1 I / • C n 7 t n+ l?2?3 • • • SiV 

<U+1 



const (g, n, iV) Tr 
= const'(g, n, N) Tr 



7 J ' I Xl+1 Xl , . , i • 

J I J ■ £n T <^3 • • • 5ATt n+1 

1 



T ( C+l/ • tn7 (Xi+1 - XOC26 • • • CiV 

?n+l 



1 



T o C+i/ ' *n7 (X/+i - Xl)Qo 



'6 



n+l 



If/e£_, 



in ( 17. 7j) can be rewritten as follows: 
const'(g,n, N) ( [ t* n+1 f ■ t n -^— Xi+idv® - 

\J Sn+1 



= const'(g, n, N) / t* n+ J-t n - (xi+i - Xl)dv x - (7.7) 

J <U+1 

one has tn+xf 'tnjzrr e £-iv+i(S n ,m)g- Thus the latter expression 



*n+l/ ■ *n7 XldVi 

Sn+1 



const'(g, n, iV) (Ci/'* 



1 



n+l 



^o ( tn+lf ' tr 



6 



n+l 



It follows from Lemma 17.11 that the latter difference is zero. □ 
If fx E £ s (H nim ) 9 and f 2 E £_ s (H n>m ) 9 , one has fx ■ f 2 e £-j\H-i(S„,m)g- Now an 

application of the standard arguments (see, e.g., [TJ Chapter 4]) which set correspondence 

between invariant integrals and invariant pairings, yields 

Corollary 7.3 The pairing £ s (H n)OT ) g x £_ s (S nim ) g -)• C, 

(/i,/ 2 )^(/i,/ 2 )=y /i/ 2 ^ 

is UqSUn^m-invariant. 

Obviously, the involution * of the *-algebra £(S nim ) q maps £iA(S„ jm )g to £_j>(H n)m ) g 
for A G R. 



Proposition 7.4 TTie sesquilinear form 



(/i,/ 2 )= / / 2 7id6„ /i,/ 2 e£ a (S 



n,mjqi 



(7- 



zs invariant and positive definite. 
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Proof. The invariance follows immediately from Corollary 17.31 (the standard argu- 
ments from [TJ Chapter 4] are to be applied here again). 

To see that the form (17. 8p is positive definite, one should recall that the integral is 
positive definite (Theorem I6.3p . and use the following computations: 

(/, /) = j f*fdb q = J rfxidv\ = Tr (T (/*/*,) Q Q ) = Tr (T (f*f X iXi) Qo) = 

= Tr (T (f*fXi ■ const • 6 • • • ZnXi)) = Tr ( T o (XitfXi) Qo) = Tr (T ( X *if*fXi) Qo) = 

UxiYfxM. 



Here / G £ iA (2 n , m )g, A G Z, and the obvious relations xf = Xh X*i = Xi, Xi£k = £kXl are 
used. □ 
Thus S.ix{^ n ,m)q, A G K, are unitary [7 5 su n!m -modules. They will be called the modules 
of the principal unitary series related to E n>m . 

Let us look at the structure of £,\(E n)m ) q as a U q (si n x sl m )-module. Let L^ n \\) be the 
finite dimensional simple L/qSl n -module with highest weight A. Also let Wj, j = 1, . . . , n — 1, 
be the fundamental weights of the Lie algebra si n . 

Now we recall that if A is a Hopf algebra and V% is an A-module, and B is a Hopf 
algebra and V 2 is a B-module then V\ Kl V 2 denotes their tensor product endowed with 
the structure of A <8> 5-module in the natural way. 

Theorem 7.5 The U q (sl n x s\ m ) -module ^2s{'^n,m)q splits as a multiplicity free direct sum 
of its simple submodules 

L^ikut + lu n ^) B lS m \l'u x + JfeW-i), (7.9) 

with k, I, k', I' > 0, k + l' = k' + l. Every such submodule is generated by the highest weight 
vector of the form 

,k + *k' As-k'-l)d> ,*l (7 TH\ 

L 1 L N L n+l L n- \'- LV> ) 

Proof. For simplicity, we prove the claim in the special case s = (N — l)/2, the other 
cases are similar. Each element / G £jv-i(S njm ) 9 can be decomposed in the following way 

J — 2-~4 1 ' ' n n+1 ' ' N ' ' L N • • • L n+1 h n ■ ■ ■ l \ ■ 

finite sum 
il + ...+i n +j,i + l + ...+jjV = 

=in+l+.--+«JV+il + ---+jn = A 

Evidently, in all such decompositions A G Z+. For every fixed decomposition of / let 
us consider the largest A through all the terms, and then denote by A(/) the smallest A 
throughout all such decompositions of /. Now we introduce a filtration 

oo 

£,\ — 1 (.—n.m) q ^ J 1 ("n,m)g,a? 

a=0 

where 

^N-l(^n,m)q,a = \f £ £-N-l(^n,m)q | A(/) < a}. 
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By obvious reasons, ti^'Ci+i ^ 2 k l ^n+i^r! generates a U q (sl„ x s[ m )-module iso- 
morphic to L( n \kui + lu n -i) M L^ m \VuJi + k'u m -i). Also, the U q (sl n x sl m )-action does 
not increase A(/), so L^ n \kcoi +lu n -i) SL™(('wi + k'u m -i) C £iv-i(H n)m ) gia if fc + Z' < a. 
The fact that a direct sum of all such modules exhaust 8.N-i(^n,m)q,a can be obtained by 
calculating the dimensions. In fact, we have to verify that 

dirn^-iCHn,™)^ < dim(L^(A;u; 1 + /u;„_ 1 )KL( m )(/ / a; 1 + A;W-i)). 

fc+Z'<a 

Since one has the relation £ x = in £(S n m ) (? , the dimension of £iv-i(5 n>m ) 9ia satisfies the 
following inequality: 

dim£jv_ 1 (r, nim ) (?ja < (C'^jv-i) 2 - 
It is sufficient to verify the inequality 

(^-i) 2 < dim(L( n \ku 1 + lu n - 1 )®L( m \l'u 1 + k , u m - l )) 

k+l'<a 

in the classical case. In the classical context this can be obtained via an induction argu- 
ment in a. □ 

We are going to establish the necessary conditions for £ s (S nm ) g to be equivalent as 
UgSltf- modules. 

A special construction associates to every finite dimensional representation V of U q sl^ 
a central element Cy of some extended algebra U^sIn 3 U q s\x [6J. It follows that the 
collection of constants Cl(lu p ), p = 1, • • • , N, constitute an invariant of isomorphism for 
£2 S (2 n>m )g as C/gSljv-modules. 

An essential property of the elements Cy is that their action on the Verma module 
M(A) with highest weight A is given by the constant [3] (see also [131 Proposition 3.1.22] 
for the special case q G (0, 1)) 

^y|M(A) = ^(dim^)g- 2 ^ A+ ^, 

where P is the weight lattice of U q sljs[, is the subspace of /^-weight vectors in V, and 
p is the half-sum of positive roots of U q sIn. Hence the same formula is applicable to any 
highest weight t/qStjv-module with highest weight A. 

A routine verification that involves (13. 3p . (13. 4p . and (16. 5p shows that for s = k G Z + the 
vectors t\t*^ G £2s(S„ jm ) (? are also U q sIn- singular (annihilated by E n ), and thus generate 
simple f/gSljv-submodules with highest weights k(ui + u^-i) for all k G Z + . 

A direct computation of those constants provides the result as follows. Let e p be the 
elementary symmetric degree p polynomial in N variables. Then 

n \ — c ( n -2k-N+\ n -N+Z „-AT+5 „N-5 „N-3 „2k+N-l\ 

On the other hand, it is clearly visible from the definitions that the matrix elements of 
f/gSljv- act ions in &2k(^>n,m) q with respect to a suitable PBW-basis are Laurent polynomials 
of q 2k . 

Thus an analytic continuation argument implies that the collection of constants 
e P (q- 2s ~ N+ \ q~ N+ '\ g'^ 5 , . . . , q N ~\ q N ~\ q 2 ^ 1 ) , P = 1, . . . , N, 
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realizes as action of the central elements Cl^ ) on some non-zero simple sub modules of 
the [/ ? slArmodules £ 2s (E ri , m )< r 

Hence for isomorphic 8.2s(^n, m )q and £>2s'(^n,m)q, one should have the latter collection 
of constants identical. This already implies that the collection of constants 

-2s-7V+l n -N+3 n -N+5 N-5 N-3 2s+N-l 

must be also identical, which means that, given such pair s, s' then either q~ 2s ~ N + 1 — 

q -2s'-N+l Qr q -2s-N+l = g 2s'+N-l_ Wg obtain 

Proposition 7.6 Given s e C, the set of those s' for which ^2s'i^n,m)q is isomorphic to 
£>2s(^n,m)q « s U q slj^ -modules, is a subset of 

n e zi . 



s + 



In q 



neZ\U < -(s + N-l) + 



mn 
In q 
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